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1. Introduction

The history of the concept of probability is a history of competing interpretations. Before Andrei
Kolmogorov gave the calculus of probability its definitive axiomatic form in 1933, a dispute had
lasted for at least two centuries over what exactly the number p ∈ [0,1] assigned to an event is
supposed to measure: whether it represents a long-run frequency, a degree of subjective belief,
or an objective logical property of the relation between evidence and hypothesis.

John Maynard Keynes, known above all as the architect of macroeconomics, was at the same
time one of the most original philosophers of probability of his generation. His A Treatise on

Probability (Keynes 1921), published in 1921 (though written between 1906 and 1911), consti-
tutes a systematic attempt to ground the calculus of probability in logic, rather than in measure
theory or in the psychology of belief.

The aim of this paper is to reconstruct the axiomatic structure of Keynes’s system, to com-
pare it with the Kolmogorov paradigm, to analyse the reasons for the rejection of Keynes’s
approach, and to situate this debate in the context of contemporary theories of probability and
their applications. Sections 2–8 fulfil this synthetic aim. Beyond it, the paper makes two original
contributions.

C1 (Boolean presupposition, Section 7.6). We identify, name, and formally prove the Boolean

presupposition of Ramsey’s Dutch book argument (Definition 2, Proposition 3, Corollary 4): the
argument establishes only a conditional result — if the event domain is a Boolean algebra, then

coherence requires classical probability — and this antecedent is precisely what Keynes’s partial
order postulate denies. Ramsey therefore did not refute Keynesian logicism unconditionally; he
refuted it within a domain whose universality Keynes contested. To our knowledge, this is the
first explicit formalisation of this gap, using the result of Wroński and Godziszewski (2016) as
the key instrument.

C2 (Imprecision index, Section 4.4). We propose the imprecision index ιM (A) := P(A)−
P(A) as the first candidate formal analogue of Keynes’s weight of evidence V (h | e) within an
established mathematical framework (Remark 1), and flag the full axiomatisation as an open
problem.

The paper is organised as follows. Sections 2–5 present both axiomatic projects and compare
them. Section 6 analyses the reasons for the rejection of Keynes. Section 7 sketches the con-
temporary interpretive landscape; Section 7.6 contains contribution C1. Section 8 documents
current applications. Section 9 contains conclusions.
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2. Historical Context: Two Projects, Two Eras

To understand the divergence between Keynes and Kolmogorov, one must situate both projects
in their historical context.

Keynes wrote his Treatise in Cambridge at the beginning of the twentieth century, in an intel-
lectual environment shaped by G. E. Moore and Bertrand Russell. Logicism was then a living
programme: Frege and Russell were attempting to reduce mathematics to logic, and Keynes had
the ambition to accomplish an analogous reduction in the domain of probability. His immedi-
ate predecessor was W. E. Johnson and, in a certain sense, Russell himself, who in Principia

Mathematica postulated the possibility of a logical analysis of induction.

Kolmogorov worked in a quite different intellectual climate — in Moscow in the nineteen-
thirties, in an environment dominated by Lebesgue’s measure theory and the theory of functions
of a real variable. His Grundbegriffe (Kolmogorov 1933) grew out of the earlier work of Borel,
Cantor, and above all Lebesgue; probability was to become a special case of a measure on a
measurable space. Kolmogorov was not so much interpreting probability as constructing its
mathematical framework, leaving the question of interpretation to philosophers and applied
scientists. This methodological separation of formalism from interpretation proved to be the
key factor in the success of his system.

3. Kolmogorov’s Axiomatics: An Outline

Kolmogorov’s formalism rests on three primitive notions: the sample space Ω of elementary
events, the σ -algebra F of subsets of Ω, and the probability measure P : F → [0,1]. The
axioms of normalisation and countable additivity form the heart of the system:

A1 (Non-negativity)
For every A ∈ F , P(A)≥ 0.

A2 (Normalisation)
P(Ω) = 1.

A3 (σ -additivity)
For pairwise disjoint A1,A2, . . . ∈ F :

P

(
∞⋃

i=1

Ai

)
=

∞

∑
i=1

P(Ai).
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Conditional probability is in this system a derived concept, defined explicitly by the ratio:

P(A | B) =
P(A∩B)

P(B)
, P(B)> 0.

Kolmogorov’s three axioms are purely mathematical in character and do not determine the
interpretation of P(A). This interpretive neutrality is both a strength and — in the view of critics
— a weakness of the system.

Measure Theory as Foundation

The key to understanding the power of Kolmogorov’s formalism lies in its grounding in
Lebesgue’s measure theory. The triple (Ω,F ,P) is a measurable probability space: F is a
σ -algebra (closed under countable unions, intersections, and complements), while P is a finite,
normalised measure. Axiom A3 — σ -additivity — is precisely what distinguishes the Lebesgue
measure from the earlier Jordan–Peano measure (1887–1890), which is merely finitely addi-
tive: it enables one to define the Lebesgue integral, to integrate functions that are not Riemann-
integrable, and to derive the expected value of a random variable X : Ω → R:

E[X ] =
∫

Ω

X(ω)dP(ω).

This embedding in measure theory immediately releases the entire apparatus of functional anal-
ysis. The spaces Lp(Ω,F ,P) become Banach spaces (for p < ∞) or a Hilbert space (for p = 2).
The Radon–Nikodym theorem guarantees the existence of a probability density whenever one
measure is absolutely continuous with respect to another (and both are σ -finite, a condition
automatically satisfied by probability measures):

P(A) =
∫

A
f (ω)dµ(ω), ∀A ∈ F ,

which is the foundation of density estimation, regression, and Bayesian updating. Kolmogorov
himself introduced conditioning relative to a σ -algebra in Grundbegriffe: for any X ∈ L1(P),
the conditional expectation E[X | G ] is defined as the Radon–Nikodym derivative of the signed
measure A 7→

∫
A X dP with respect to P|G . When additionally X ∈ L2(P), this construction coin-

cides with the orthogonal projection onto the closed subspace of G -measurable functions in L2,
a perspective Doob later exploited systematically in martingale theory. The result extends con-
ditional probability to the case P(B) = 0. None of these results is available without σ -additivity
— without measure theory as foundation.
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This is precisely where the gulf dividing Keynes from Kolmogorov lies. Keynes’s system oper-
ates on logical propositions, not on measurable spaces, and does not command the notion of an
integral or of convergence in the sense of measures. This is not merely a technical gap — it is
the absence of the foundation that makes limit theorems possible.

4. Keynes’s Project: Probability as a Logical Relation

4.1. The Fundamental Intuition

Keynes proceeds from a fundamentally different intuition: probability is not a property of an
event but a relation between two sets of propositions — the hypothesis h and the evidence
(epistemic basis) e. He writes explicitly (Keynes 1921, p. 4):

When we say that the probability of the hypothesis h on the evidence e is p, we assert

something about a logical relation between h and e, and not about the nature of h

itself.

This relation, denoted P(h | e), is objective: two persons possessing the same evidence e must
assign the same probability to hypothesis h, provided they reason correctly. Keynes adopts the
position of probabilistic logicism.

4.2. The Axiom of Incomplete Comparability

The key innovation of Keynes consists in rejecting the requirement of complete numerability

and complete comparability of probabilities. In Keynes’s system, not every two events need
have comparable probabilities; the relation P(h1 | e) ≤ P(h2 | e) need not be defined for all
pairs (h1,h2).

Keynes postulates merely a partial order on the set of probabilistic relations. The relation ≤
satisfies reflexivity, antisymmetry, and transitivity but not full trichotomy. (Keynes does not
explicitly discuss antisymmetry; if it fails, the structure is a preorder rather than a strict partial
order — a point that formal reconstructions of his system must address.) For Kolmogorov, every
event has a uniquely determined value in [0,1]; for Keynes, numerical values are a special case.

4.3. Conditional Probability as a Primitive Notion

For Kolmogorov, P(A | B) is a derived concept defined by a ratio. For Keynes, it is the other
way round: P(h | e) is a primitive concept. Every probability is always the probability of some
hypothesis relative to some evidence; there is no probability “in a vacuum”.
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This asymmetry reveals a deeper gulf: Kolmogorov’s measure-theoretic approach permits condi-
tioning even when P(B) = 0, via the Radon–Nikodym theorem and Doob conditioning relative
to a σ -algebra. For Keynes, the proposition e is an element of a logical language, not of a
measurable space, so this kind of generalisation remains beyond the reach of his system.

4.4. Weight of Evidence and a Candidate Formalisation [C2]

One of the most original contributions of Keynes is the notion of the weight of evidence V (h | e),
distinguished from the probability P(h | e) itself. The weight of evidence measures how much we

know about hypothesis h in the light of evidence e — how “rich” the evidence is, independently
of the direction in which it points.

It must be emphasised that Keynes did not supply an axiomatics for V ; the notion remains an
intuition in his system. Subsequent attempts at formalisation — notably by Good (1950) — en-
countered significant technical difficulties, including the problem of comparing weights across
heterogeneous evidence sources. The structural analogies drawn in Section 8 between V and
formal constructs such as actuarial credibility weights or the value of information are therefore
heuristic in character, not formal identities.

The classical example: about urn A we know only that it contains white and black balls; about
urn B we know that it contains exactly 50 white and 50 black balls. In both cases P(white)= 1/2,
yet the evidence for urn B is heavier. The decision about which urn to draw from may therefore
rationally depend on the weight of evidence, not merely on the expected value. This concept
has no counterpart in Kolmogorov’s formalism.

We can, however, propose a candidate formalisation within the established framework of impre-
cise probabilities (Section 7.4); this constitutes contribution C2.

Remark 1 (Imprecision index as a formal analogue of V — C2). Let M be a credal set on
(Ω,F ). Define the imprecision index of event A ∈ F as:

ιM (A) := P(A)−P(A) ∈ [0,1].

This quantity satisfies the two qualitative properties that Keynes attributed to V : (i) when evi-
dence is maximal (the credal set collapses to a single measure), ιM (A) = 0 for all A — weight is
highest; (ii) when no evidence constrains the agent (vacuous prior: M is the set of all probability
measures on F ), ιM (A) = 1 for every non-trivial event A — weight is lowest. Partial evidence
yields intermediate values: accumulating data that shrinks M monotonically decreases ιM (A),
which corresponds to increasing weight. The analogy between Keynes’s V and ιM is structural
rather than definitional; whether a full axiomatisation of V can be built on ιM is an open ques-
tion that we flag for future research.
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5. Structural Comparison

Table 1 contrasts the two systems.

Table 1: Comparison of Kolmogorov’s and Keynes’s systems

Dimension Kolmogorov (1933) Keynes (1921)

Interpretation Neutral (mathematical) Logical-epistemological

Numerability Full: every event ∈ [0,1] Partial; numbers as special case

Cond. prob. Derived concept (ratio) Primitive concept

Additivity σ -additivity No requirement of countable
add.

Event space & (Ω,F ,P); Propositions in logical

meas. theory Lebesgue integral language; no integral

Weight of evid. Absent Intuition: V (h | e) (no axioms)

6. Reasons for the Rejection of Keynes’s System

6.1. Ramsey’s Critique: Subjectivism as an Alternative

The most serious philosophical critique was Frank Plumpton Ramsey’s essay Truth and Prob-

ability (Ramsey 1931), written in 1926 — seven years before Kolmogorov’s Grundbegriffe. In
Ramsey’s view, there is no such thing as an objective “logical relation” between propositions
measured by a degree of probability; this is a philosophical fiction. Probability is a degree of
subjective belief, measurable by means of betting quotients. A coherent agent (one not suscepti-
ble to a Dutch book) must satisfy the axioms of classical probability by necessity of rationality,
not because they have discovered an objective logical relation.

Ramsey did not justify Kolmogorov’s formalism — he could not, since it did not yet exist. He
justified a class of probability systems formally equivalent to what Kolmogorov later axioma-
tised. Seen in the correct order of precedence, Kolmogorov’s Grundbegriffe provided the mathe-
matical framework within which Ramsey’s operationalist intuition found its precise expression.

A further point deserves notice. The operational definition of probability through betting quo-
tients is not free of circularity: identifying a “fair bet” presupposes a theory of utility, and
expected utility theory in the von Neumann–Morgenstern sense itself presupposes probability.
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Ramsey avoids this by simultaneously axiomatising utility and probability (Ramsey 1931), but
at the cost of richer assumptions about the rational subject — assumptions that are themselves
philosophically contested.

The Bayesian programme, developed by de Finetti, Savage, and Jeffreys, made subjective prob-
ability the foundation of modern decision-theoretic statistics. As we show in Section 7.6, how-
ever, the scope of the Dutch book argument turns out to be limited when the event space is
non-classical.

6.2. Lack of Formal Precision

Keynes did not formulate an axiomatic system in the strict mathematical sense. The concept of
a “logical relation” remained undefined with mathematical precision. The weight of evidence
V (h | e) remained an intuition, not a function. Equally important, Keynes’s system lacks the key
foundation that Kolmogorov commands: measure theory. Without the notion of a σ -algebra, the
Lebesgue integral, and convergence in the sense of measures, one cannot formulate the laws of
large numbers, the central limit theorem, or the theory of stochastic processes — the tools that
mathematicians needed and that Kolmogorov immediately supplied.

6.3. The Triumph of Measure Theory and Mathematical Statistics

The nineteen-thirties and -forties brought rapid advances in statistics: Neyman and Pearson built
the theory of hypothesis testing, Fisher maximum likelihood estimation, and Wald decision
theory. The theory of stochastic processes (Wiener, Doob), quantum mechanics, and Shannon’s
information theory — everywhere the formalism of probability measures dominated. Keynes’s
system, focused on the epistemology of induction, simply did not supply computational tools.

6.4. The Problem of Incomparable Probabilities

Decision theory requires comparing alternatives and selecting the one with the higher expected
value. Incomparable probabilities make it impossible to define expected value. Keynes himself
recognised this problem, invoking in The General Theory (1936) the concept of animal spirits

— behaviour under radical uncertainty.

7. The Contemporary Interpretive Landscape

Contrary to widespread belief, Kolmogorov’s formalism did not settle the interpretive debate —
it settled only the question of formalism. Today, several fundamentally different interpretations
of the same axiomatics coexist.
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7.1. Frequentism: Probability as a Limiting Frequency

The frequentist tradition, developed by Richard von Mises (von Mises 1928) and Hans Reichen-
bach, defines probability as the limiting relative frequency in an infinite sequence of repeatable
trials. Kolmogorov’s formalism is consistent with this interpretation, though it does not imply
it.

Frequentism is still the dominant paradigm in statistical hypothesis testing (p-values, confidence
intervals). Its limitations are, however, well known: it requires repeatability of the experiment,
which excludes the application of probability calculus to singular events. In this sense frequen-
tism is, as Keynes (1921) observed, a special theory, not a general one.

7.2. Subjective Bayesianism

The subjective programme, initiated by Ramsey and de Finetti (1937) and developed by Savage
(Savage 1954) and Jeffreys (Jeffreys 1961), treats probability as a degree of belief (credence)
of a rational agent. Coherence of beliefs — in the sense of immunity to a Dutch book — forces
compliance with Kolmogorov’s axioms. Bayes’s theorem:

P(H | D) =
P(D | H)P(H)

P(D)

becomes here a rule for updating beliefs in the light of new data D: P(H) is the prior belief,
P(H | D) the posterior. Bayesianism is today the dominant paradigm in applied statistics, ma-
chine learning, and artificial intelligence.

Paradoxically, Bayesianism is closer to Keynes than frequentism in one key respect: like Keynes,
it treats probability as a relation between hypothesis and evidence rather than as a property of
an event. The difference is that subjective Bayesianism does not require this relation to be
objective.

7.3. Logical Probability: Carnap and his Successors

The direct attempt to formalise Keynes’s programme was Rudolf Carnap’s project (Carnap 1950,
1952). Carnap introduced the confirmation function c(h,e) — the degree to which evidence e

confirms hypothesis h in a given formal language.

It is important not to conflate Keynes’s and Carnap’s projects under a single label. Carnap’s con-
firmation function assigns a precise numerical value to every pair (h,e) in a given language —
it presupposes a complete linear order of probabilistic values. Keynes, by contrast, maintained
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that not every pair of hypotheses is comparable given the same evidence. Carnap thus implicitly
rejects the defining feature of Keynes’s system: the partial order. The two programmes are allied
in spirit (probability as a logical relation) but opposed in structure (full vs. partial numerability).

Carnap’s project encountered serious technical difficulties. Goodman’s problem of “new induc-
tion” (the grue-paradox) revealed that the choice of descriptive language determines the values
of the confirmation function, undermining the objectivity of the entire enterprise. Williamson
(2010) develops objective Bayesianism as a contemporary descendant, in which priors are de-
termined by maximum entropy and symmetry rather than by subjective beliefs.

7.4. Imprecise Probabilities

The most important direct successor to Keynes is the theory of imprecise probabilities, devel-
oped systematically by Walley (1991) and continued by Augustin et al. (2014). Instead of a
single probability function, the agent’s beliefs are represented by a set (a credal set M ) of
admissible measures:

P(A) = inf
P∈M

P(A), P(A) = sup
P∈M

P(A).

Two events A and B are incomparable precisely when for some P1,P2 ∈ M we have P1(A) >

P1(B) and P2(A)< P2(B) — which is a precise formulation of Keynes’s partial order.

Dempster (1967) and Shafer (1976) developed the related Dempster–Shafer theory of belief
functions, defining belief and plausibility as lower and upper probabilities in focal sets.

7.5. Possibility Theory and Fuzzy Logic

Zadeh (1978) and Dubois and Prade (1988) proposed an alternative formalism — possibility
theory, in which events are not measured by an additive measure but by a maxitive measure:
Π(A∪B) = max(Π(A),Π(B)). Though mathematically weaker than Kolmogorov’s theory, it
models certain types of linguistic and cognitive uncertainty better, and is widely used in fuzzy
control, medical diagnostics, and expert systems.

7.6. The Boolean Presupposition of Ramsey’s Argument: Original Analysis [C1]

The classical Dutch book theorem, formally proved by Kemeny (1955) and Lehman (1955) as
a mathematical vindication of Ramsey’s 1926 informal argument, states: a belief space is not
susceptible to a Dutch book if and only if it satisfies the axioms of classical probability (Wroński
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2016). Ramsey himself — who died in 1930 — could not have cited this result; the theorem
formalised, seven years after his death, what he had argued by construction of examples. This
argument seemed to settle definitively that a rational agent must adopt the classical axioms.

The scope of this theorem acquires a new dimension in the context of non-classical probability
spaces used in the philosophy of physics to model quantum experiments with incompatible
measurements (cf. Suppes 1966; Gudder 1969). These are structures (W,G ,g) in which the
event class G is merely a σ -additive class of subsets of W , not a full Boolean algebra — so not
all logical combinations of events need belong to the domain of the measure. This formalism is
structurally close to Keynes’s project: as with Keynes, not every two events need be mutually
comparable or combinable.

The key result, proved by Wroński and Godziszewski (2016), states:

Theorem (Wroński and Godziszewski 2016). A finite generalised probability

space is susceptible to a Dutch book if and only if it does not possess a classical

extension.

In other words, in finite structures non-classicality (lack of a classical extension) and suscep-
tibility to a Dutch book are equivalent. Feintzeig’s (2015) project, which sought non-classical
spaces immune to a Dutch book, is therefore doomed to fail among finite structures (Wroński
and Godziszewski 2016).

We now use this result to establish contribution C1: a precise, named diagnosis of the structural
gap in Ramsey’s argument against Keynes. The three items below — a definition, a proposition,
and a corollary — constitute the first formalisation of this gap in the literature.

Definition 2 (Boolean presupposition). An argument for probabilism is said to satisfy the
Boolean presupposition if it assumes, as a necessary precondition of its application, that the
domain of the agent’s beliefs forms a Boolean algebra of subsets of some sample space W .

Proposition 3 (Ramsey’s argument satisfies the Boolean presupposition). The Dutch book ar-

gument for probabilism, in the form established by Ramsey (1931) and formalised by Kemeny

(1955) and Lehman (1955), satisfies the Boolean presupposition (Definition 2). Specifically, it

establishes only the following conditional claim:

If the domain F of an agent’s beliefs is a Boolean algebra of subsets of W, then

immunity to a Dutch book requires q : F → [0,1] to satisfy Kolmogorov’s axioms

A1–A3.

It does not establish the unconditional claim that all rational agents must adopt classical prob-

ability.
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Proof. The classical Dutch book construction exploits violations of finite additivity. To con-
struct a Dutch book against an agent who violates q(A∪B) ̸= q(A) + q(B) for disjoint A,B,
one bets on A, on B, and on A∪B simultaneously. This requires that all three events A, B, and
A∪B belong to the domain F of available bets. When F is a Boolean algebra, closure under
finite unions guarantees this. When F is merely a σ -additive class in the sense of Wroński and
Godziszewski (2016) (Definition 3 of that paper), closure under unions holds only for disjoint

pairs: for some A,B ∈ F with A∩B ̸= /0, the union A∪B may not belong to F , making the
corresponding bet unavailable. The Dutch book construction then cannot be completed, and the
classical theorem does not apply.

Corollary 4 (Scope limitation of Ramsey’s argument). Ramsey’s Dutch book argument does

not constitute a universal refutation of Keynesian logicism. It refutes Keynes conditional on
the Boolean presupposition — a presupposition whose universality is precisely what Keynes’s

partial order postulate denies.

More precisely: Keynes’s claim that not all probabilistic comparisons are defined is equivalent,

in the language of non-classical probability spaces, to the claim that the event algebra of the

agent’s domain may fail to be Boolean. The Wroński–Godziszewski theorem then implies: in

such non-Boolean spaces, Dutch book susceptibility is a structural property of the event class,

not a diagnostic of the agent’s irrationality. Hence Ramsey’s argument, even if valid within

its presupposed domain, cannot be deployed against Keynes without first establishing that all

rational event spaces are Boolean — a substantive metaphysical claim that Keynes explicitly

disputed and that Ramsey never proved.

Two clarifications are needed. First, the corollary does not rehabilitate Keynesian logicism:
Keynes’s central positive claim — that probability is an objective logical relation — remains un-
substantiated and was correctly challenged by Ramsey on independent grounds. What the corol-
lary establishes is that Ramsey’s negative argument (from Dutch books) has a smaller scope
than is standardly assumed. Second, whether non-classicality of an event space is an ontologi-
cal fact or merely an epistemic one is contested; a realist about quantum event structures reads
the corollary differently from an instrumentalist who treats event classes as mental constructs.

8. Current Applications: The Return of Keynesian Problems

8.1. Bayesian Inference in Machine Learning

The Bayesian revolution in machine learning (ML) — Bayesian neural networks (MacKay
1992), Gaussian processes (Rasmussen and Williams 2006), variational inference — rests for-
mally on Kolmogorov’s axioms and the Ramsey–Savage interpretation. Yet many of the practi-
cal challenges that ML faces are Keynesian in character.
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Calibration and the weight of evidence. Neural networks tend to be “overconfident”: they as-
sign probabilities close to 0 or 1 even when training data are sparse. Calibration techniques (Guo
et al. 2017) and Bayesian methods for approximating epistemic uncertainty respond directly to
Keynes’s postulate that the value of a probability should depend on the weight (quantity and
quality) of evidence.

Distributional uncertainty. When a model does not know whether the distribution of test data
matches the training distribution (out-of-distribution detection), a single probability measure is
insufficient. Hüllermeier and Waegeman (2021) propose the distinction between aleatoric (in-
herent) and epistemic (knowledge-based) uncertainty — a distinction that is the precise mathe-
matical counterpart of Keynes’s weight of evidence.

8.2. Risk Management and Catastrophe Risk Pricing

Standard risk management methods (VaR, Expected Shortfall) rest on the assumption that loss
distributions are known. The financial crises of 1997–1998 and 2007–2009 revealed the funda-
mental limitation of this approach: models were internally consistent probabilistically, yet relied
on distributions estimated from historical data of insufficient weight.

Taleb (2007) captured this intuition as the Black Swan: events of low probability and extreme
consequences, for which the historical evidential weight is by definition zero. Hansen and Sar-
gent (2001) formalised the problem as robust control: the optimal decision-maker minimises
expected loss in the worst-case scenario across a set of models M :

min
a

max
P∈M

EP[L(a,ω)],

which is a direct formalisation of Keynesian uncertainty.

Post-2008 prudential regulations (Basel III, Solvency II) incorporate scenario-based stress tests
that do not assume a single probability distribution but rather scan a set of scenarios — the
operational realisation of credal sets.

8.3. Actuarial Science: Credibility, Reserves, and Model Uncertainty

Actuarial science is perhaps the most natural domain in which Keynes’s intuitions concerning
the weight of evidence found — independently and under different names — precise mathemat-
ical formalisation.
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Credibility theory as empirical Bayesianism. The central concept in actuarial premium pric-
ing for non-life insurance is actuarial credibility, introduced by Bühlmann (1967) and extended
to heterogeneous exposure volumes by Bühlmann and Straub (1970). In the simpler Bühlmann

model (uniform exposures), the net premium is:

µ̂ = Z X̄ +(1−Z)µ0, Z =
n

n+ k
, k =

σ2

τ2 ,

where X̄ is the observed average loss ratio, µ0 the collective a priori mean, σ2 the within-
portfolio process variance, and τ2 the between-portfolio variance of the risk parameter. In the
full Bühlmann–Straub model, observations carry non-uniform weights mi (exposure volumes),
and the credibility weight becomes Z = m/(m+ k) where m = ∑i mi; the structural interpreta-
tion, however, is the same. The credibility weight Z ∈ [0,1] increases monotonically with total
exposure: at small exposure the prior dominates, at large exposure the portfolio’s own data.

The coefficient Z is Keynes’s weight of evidence V in action: it measures not the direction in
which the data point but how much data we have and how strongly they should modify our initial
belief. Bühlmann himself did not use Keynes’s language, yet the formal structure is isomorphic.

Uncertainty in claims reserves. Estimating IBNR (incurred but not reported) reserves is
among the most difficult actuarial problems: loss triangle data are necessarily sparse for long-
tailed lines of business, and the evidential weight is low precisely where reserve amounts are
highest. Mack (1993) introduced a distribution-free method for estimating the standard error
of chain-ladder reserves, one that — without assuming a specific distribution — derives uncer-
tainty intervals from minimal assumptions about the first two moments.

England and Verrall (2002) developed a stochastic approach to reserving; a key finding is that
when few development years are observed, parameter uncertainty (epistemic) dominates pro-

cess uncertainty (aleatoric). Wüthrich and Merz (2008) formalised this distinction as estimation

error versus process error: low evidential weight manifests as large estimation error, regardless
of how well the loss process distribution is known.

Solvency II and Own Risk Assessment. Solvency II requires insurers to conduct an Own Risk
and Solvency Assessment (ORSA) — a process in which the undertaking must evaluate the
adequacy of its internal models under stress scenarios beyond the regulatory standard formula.
ORSA does not assume a single probability measure but requires scanning a set of scenarios,
the operational realisation of a credal set M . EIOPA explicitly states that model uncertainty
should be reported separately from parameter uncertainty (EIOPA 2014).
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Catastrophe risk modelling. In pricing catastrophe risks (earthquakes, hurricanes, epidemics),
the historical evidential weight is by definition close to zero for extreme events. Woo (1999) for-
malised this practice as knowledge-based risk modelling: when data are insufficient, the model
must explicitly represent structural uncertainty, not merely parametric uncertainty. This is a di-
rect realisation of Keynes’s thesis that at low evidential weight a single probability measure is
epistemically unjustified.

8.4. Uncertainty Modelling in Climate Science

Climate models generate sets of projections based on different emission scenarios and differ-
ent physical parametrisations. Knutti and Sedláček (2012) and the IPCC from AR5 onwards
employ the notion of assessed uncertainty — uncertainty evaluated by experts, not necessarily
expressible through a single probability distribution.

IPCC AR6 (2021) formalises this explicitly: statements about the probability of exceeding cli-
mate thresholds are expressed as likelihood ranges with explicit indication of whether the ev-
idential weight is high, medium, or low (high/medium/low confidence). This is structurally a
Keynesian mechanism: one assesses the weight of evidence V first, and only then the value
of P.

8.5. Epistemology of Artificial Intelligence and Trustworthiness of AI Systems

AI systems operating in open-world environments face Keynes’s problem directly: they do not
know the hypothesis space in advance. Ghahramani (2015) identifies uncertainty in model struc-

ture as the fundamental challenge for Bayesian ML. The conformal prediction methodology
(Shafer and Vovk 2008) produces prediction intervals with coverage guarantees without any
distributional assumptions — its guarantee is logical, not probabilistic, bringing it epistemo-
logically closer to Keynesian logicism than to classical Bayesianism. The EU AI Act (2024)
requires high-risk AI systems to provide uncertainty estimates with every decision, placing reg-
ulators before the same question Keynes posed a century earlier: how to quantify uncertainty
when data are sparse and the model of the world’s structure is unknown.

8.6. Medical Decision Theory and Health Technology Assessment

In health technology assessment (HTA) and pharmacoeconomic analysis, Bayesian network
meta-analysis is the standard. When the evidence network is sparse or study populations dif-
fer from the target population, the value of information (EVPI) takes on the role of Keynes’s
weight of evidence: it measures how much it is worth paying for more data before making a
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reimbursement decision. EVPI calculations have an analogous structure to V (h | e): both quan-
tities measure “how much is missing” from the available evidence base, independently of the
direction in which the current estimate points.

9. Conclusions

Looking at the debate as a whole from the perspective of 2026, several conclusions can be
drawn.

On the standard history. The rivalry between Keynes and Kolmogorov was in essence a rivalry
between a philosophical and a mathematical project. Kolmogorov won because he supplied
the computational tools that Keynes did not supply. He did not win because he was right on
epistemological questions. None of the four great interpretive traditions today — frequentism,
subjective Bayesianism, probabilistic logicism, imprecise probabilities — is dominant across
all applications; each answers a different type of question.

On contribution C1 (Boolean presupposition). Proposition 3 and Corollary 4 establish that Ram-
sey’s Dutch book argument against Keynes satisfies what we call the Boolean presupposition: it
is valid only within event domains that form a Boolean algebra. Keynes’s partial order postulate
is precisely the claim that this Boolean structure cannot be assumed universally. The Wroński–
Godziszewski theorem formalises the consequence: in non-Boolean event spaces, Dutch book
susceptibility is a property of the event structure, not of the agent’s irrationality. The standard
dismissal of Keynesian logicism via Dutch books is therefore logically incomplete: it establishes
a conditional result (if Boolean, then classical probability), not the unconditional one that the
literature has read into it. This does not restore Keynes’s positive logicist thesis, which remains
unsubstantiated; but it narrows the scope of the most influential argument against it.

On contribution C2 (imprecision index). Remark 1 proposes the imprecision index ιM (A) =

P(A)−P(A) as a candidate formal analogue of Keynes’s weight of evidence within imprecise
probabilities. This is offered as a pointer to future axiomatic work: a complete axiomatisation
of V based on ιM , if achievable, would fulfil Keynes’s original programme within a rigorous
mathematical framework.

On the applied mappings. The structural analogies documented in Section 8 — between V

and actuarial credibility weights, EVPI, and epistemic uncertainty in ML — are heuristically
productive, but remain parallels rather than formal equivalences.

One may therefore say that the twentieth century chose Kolmogorov as the language of math-
ematics, but the twenty-first century is slowly discovering that to describe knowledge it also
needs Keynes — and that Ramsey’s argument for why it should not was less conclusive than a
century of probability theory has assumed.
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