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Abstract: Numerous advances in the modelling techniques of Value-at-Risk (VaR) have provided

the financial institutions with a wide scope of market risk approaches. Yet it remains unknown
which of the models should be used depending on the state of volatility. In this article we present
the backtesting results for 1% and 2.5% VaR of six indexes from emerging and developed
countries using several most known VaR models, among many: GARCH, EVT, CAViaR and
FHS with multiple sets of parameters. The backtesting procedure has been based on the excess
ratio, Kupiec and Christoffersen tests for multiple thresholds and cost functions. The added value
of this article is that we have compared the models in four different scenarios, with different states
of volatility in training and testing samples. The results indicate that the best of the models that
is the least affected by changes in the volatility is GARCH(1,1) with standardized student's t-
distribution. Non-parmetric techniques (e.g. CAViaR with GARCH setup (see Engle and
Manganelli, 2001) or FHS with skewed normal distribution) have very prominent results in testing
periods with low volatility, but are relatively worse in the turbulent periods. We have also
discussed an automatic method to setting a threshold of extreme distribution for EVT models, as
well as several ensembling methods for VaR, among which minimum of best models has been
proven to have very good results - in particular a minimum of GARCH(1,1) with standardized
student's t-distribution and either EVT or CAViaR models.
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1. Introduction

Every decision undertaken by any financial institution bears risks. These risks might have different
sources, either market, credit or operational. Estimation of these three main types of risks is
therefore essential to properly manage the institution. If we put aside the credit system, in most
cases market risk becomes the most important risk factor in the business. According to many
researchers, one of the most common market risk measures is Value-at-Risk (Mitra and Ji (2010);
Jorion (2010)).

There are numerous approaches to Value-at-Risk estimation. However, the existence of the
Basel III framework provides a set of regulations on how banking institutions should estimate risk
measures. First of all, it is to the bank’s preferences what statistical model it will use, but the
Value-of-Risk should be calculated at the 99% confidence level, forecasts should be made for at
least 10 days ahead, and the forecasting period should be at least a year long (250 observations).

Researchers outdo each other, providing results that support particular model’s advantages
(among many Danielsson and De Vries (2000); Angelidis, Benos, and Degiannakis (2007); Bao,
Lee, and Saltoglu (2006); Huang (2009); Yu, Li, and Jin (2010); Ozun, Cifter, and Yilmazer (2010);
Polanski and Stoja (2010); Gerlach, Chen, and Chan (2011)). But the truth is that there is no
model that would be the best regardless of the market circumstances. If an individual model has
been proven to have very satisfactory results under some set of conditions, it is highly probable
that there exists another study considering the same model under different set of conditions and it
proves the model’s malfunctions. In such a case, Abad, Benito, and Lépez (2014) have prepared a
broad juxtaposition of the popular Value-at-Risk methodologies, for instance Filtered Historical
Simulation (FHS), Generalized Auto-Regressive Conditional Heteroskedasticity (GARCH) models
or Extreme Value Theory (EVT) models. Moreover, combined forecasts by using several procedures
have been gaining a lot of attention recently with either mixed alternative risk models or model
being dependent on the current volatility state (e.g. in McAleer, Jiménez-Martin, and Pérez-Amaral
(2013)).

One of the most crucial factors that may influence the correctness of model’s predictions
are the dynamics of the volatility. As a matter of fact, in the last twenty years, we experienced a
perfect moment to test models in such precedents — the global financial crisis. Another area that
has an impact on the model’s performance may be the country origin of the studied time series.
Stock markets differ dramatically between states. Many researchers have been comparing the
performance of the models before and after turbulent states (among others, in McAleer, Jiménez-
Martin, and Pérez-Amaral (2013); Degiannakis, Floros, and Livada (2012); Chlebus (2016); Burchi
and Martelli (2016)) and between different stock markets (among others in Zikovié (2007); Djakovié
and Radiscaron (2010); Mutu, Balogh, and Moldovan (2011); Miletic and Miletic (2015); Buczyniski
and Chlebus (2018)). Most of them notice the advantages of GARCH models in periods of increased
volatility, mentioning its conservatism and abrupt fit to the market situation. On the contrary,
non-parametric and semiparametric methods are gaining a lot of attention lately, due to their very
flexible fit to the data and low costs of usage.

For instance, Djakovi¢ and Radiscaron (2010) have studied performance of historical simulation
models in different European countries. Their results indicate that model’s risk estimates depend
strongly on the market’s volatility. According to them, Value-at-Risk models estimated based on
the samples originating in developed countries may achieve better results than the ones based in
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emerging markets. Another study conducted by Mutu, Balogh, and Moldovan (2011) proved that
EVT and GARCH models perform better than other models in highly volatile periods. Buczynski
and Chlebus (2018) also discovered that the GARCH models outperform semiparametric models in
turbulent periods, but the discrepancies get smaller in tranquil periods. Additionally, they found
that non-parametric methods do perform better in emerging markets. Degiannakis, Floros, and
Livada (2012) performed a study on several Value-at-Risk models before and after crisis. GARCH
models were performing in the pre-crisis period, but during the crisis only t-distributed models
provided risk estimates of good quality. Conforming to them, these results apply to both developing
and developed countries. In summary, Value-at-Risk estimation is a scientifically abundant field,
however no study has compared the most popular models in many different aspects yet.

This study aims to estimate several different Value-at-Risk methods and to compare them
depending on the time interval and stock exchange origin country. The aforementioned models
include: GARCH(1,1) models with varied distributions (skewed normal, both standardized and
non-standardized student’s t and skewed student’s t), Conditional Auto-Regressive Value at Risk
(CAViaR) models (with all approaches presented in Engle and Manganelli (2004)), filtered historical
simulation (FHS) with varied distributions (normal and skewed normal) and Extreme Value Theory
(EVT) models with their own approach to threshold calculation. The models have been compared
in four different time intervals: 2003-2007; mid 2004 — mid 2009; 2007-2011; 2008-2012. The
comparison was based both on Kupiec and Christoffersen tests and on the analyses of Value-at-Risk
cost functions.

The paper is organized as follows: the first section discusses in depth methodologies of all
discussed models, the next section presents testing framework and in the third section empirical
results of the estimation are presented.

2. Methodology

Let us bring the methodology of Value-at-Risk up front. The Value-at-Risk is defined as a maximum
possible loss in a given time frame for a particular portfolio, at a given level of confidence in normal
market conditions. Moreover, a mathematical equation to define Value-at-Risk could be presented
as follows (Jorion (2010)):

P(r[<VaRa(t)|Qt_]):a (1)
where:
r; = financial return,
o = confidence level,
t = time interval,
Q,_1 = information set available at time t-1.

One of the approaches to the Value-at-Risk estimation are GARCH models. Specifically in
this paper the GARCH models under consideration are all GARCH(1,1) models, but with different
assumptions about distribution of the underlying data: skewed normal, both standardized and
non-standardized student’s t and skewed student’s t. GARCH(1,1) is one of the simplest of the
whole GARCH family models and can be described by the two following equations:
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rt’-Q't—l NUD(,Ut,ht),

hy = o+ algtz_l + Bihi—1, @)

where:

r; = financial return (a stochastic process),

Q,_1 = information set available at time r — 1,

Y; = mean of the process (hereby equal to 0),

h; = conditional variance,

0y = constant,

a; = parameter corresponding to the stochastic process’ realization at time ¢ — 1,

8t2_ | = squared random error in the period 7 — 1,

Pi = parameter corresponding to the conditional variance’s realization at time ¢ — 1.

Given these equations, we can define Value-at-Risk using a formula below (Angelidis, Benos,
and Degiannakis 2004):

VaRy(t) = ﬁt‘FC]a\/hTty 3)
where:
VaRy (1) = Value-at-Risk at the o confidence level at time t,
Uy = forecast of the conditional mean at time t,
ﬁt — forecast of the conditional variance at the time t,
qao = quantile of the assumed underlying distribution of the data.

Following Bollerslev and Wooldridge (1992), if the model is not conditionally normally
distributed, but it specifies the first two conditional moments correctly, the estimates of the quasi
likelihood function will be consistent and asymptotically normal. This makes it possible to use
different than normal distributions of the underlying process. The reason for that is that most of the
financial time series distributions tend to have fatter tails. Hence, the use of normal distribution may
be not sufficient.

The usage of different distributions distorts the model’s likelihood. While in case of normal
distribution, one has to estimate only the parameters of the model. In case of other distributions, their
specific parameters must be estimated as well, hence they are included in the likelihood functions.
Therefore the assumption of the distribution of the underlying data bears the responsibility for the
differences in volatility estimates in-between the models.

Another hereby studied approach to Value-at-Risk modeling are CAViaR models introduced
by Engle and Manganelli (2004). The idea behind CAViaR models is to model the quantile of the
distribution of the data directly instead of trying to model the whole distribution. Beta coefficients
in the CAViaR models are estimated on the basis of Koenker and Basset (1978) regression quantile
methodology, which minimalises the regression quantile objective function. The basic formula for
the CAViaR model (with one lagged Value-at-Risk and one lagged observed value) can be expressed
as:

VaRy(t) = Bo+ Bi1VaRy(t — 1) +1(B2,r1—1,VaRg(t — 1)) 4)

where:
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r; — rate of return,
PBi = vector of parameters corresponding to lagged values,
[(.) = a function of a lagged values of observables and Value-at-Risk.

The point of using linking function within the CAViaR expression is to link the model outcome
to the level of rates of return at time # — 1. In our research we include 3 various CAViaR model
definitions, each of them using different linking function. All of them were provided in Engle and
Manganelli (2004):

* Symmetric Absolute Value (SAV):

VaRy(t) = Po+ P1VaRy(t — 1) + Balri—1], ®)

In this case, Value-at-Risk depends on its lag and lagged absolute rate of return, which
implies symmetrical behavior regardless of gains or losses, focusing on the impact of changes;

¢ Indirect GARCH:

VaRe() = \/Bo+ BiVaRa(t — 1) + Ba(ri—1)?, (©6)

The indirect GARCH approach to CAViaR models is very similar to GARCH modeling.
In fact, it would be correctly specified model if the underlying data were GARCH(1,1) process
with IID distribution;

* Adaptive (AD):

VaRy(t) = VaRg(t — 1) + Bo((1 + exp(K(r,—1 + VaRg(t —1)))) ' — o), (7

where:
K = positive finite number.

This version of CAViaR model increases Value-at-Risk estimates only on the occurrence
of exceedance. In other case values should decrease slightly. Such model’s structure is aimed
at elimination of sequences of exceedances.

Yet another approach to Value-at-Risk estimation is Filtered Historical Simulation (FHS)
introduced by Barone-Adesi, Giannopoulos, and Vosper (1999). It is based on the two most popular
approaches — historical simulation and GARCH models. In FHS, the first step is to model the
volatility and later to standardize the data using obtained estimates — filtering it in a way. Any
GARCH model can serve as a filter here — in this paper GARCH(1,1) with normal and skewed
normal distributions were used. Given equation 3, we can describe standardized residuals from the
GARCH model as:

_ &
“= ®)
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The whole idea behind FHS is based on the Monte Carlo simulation on the IID returns obtained
in 9. The simulation considers sampling from the standardized residuals a large number of times
Barone-Adesi, Giannopoulos, and Vosper (1999) suggested this number to be at least 10,000, hereby
we sampled 20,000 times). Such a sample of simulated standardized residuals should be connected
again with the data, therefore we generate the forecast of the volatility:

Vi =\ oo+ cug + Bi, ©)

and unstandardize simulated residuals by multiplication with it, constructing a vector of
simulated returns. This is where historical simulation takes the steering wheel, because in the end,
Value-at-Risk estimate equals to the assumed quantile of the simulated returns, as such:

VaRe(t+1) = i1 + o (10)

The last of the considered models are Extreme Value Theory models in the Peaks Over Thresh-
old approach. The EVT is a branch of statistics that deals with estimating the probability of extreme
events, thus it has a huge impact on Value-at-Risk. EVT has been long known technique, both as
a statistical and risk management tool (McNeil (1999); Embrechts, Resnick, and Samorodnitsky
(1999)).

EVT has two methods to estimate extreme events: Block Maxima (BM) and Peaks Over
Threshold (POT). The BM method focuses on obtaining the asymptotic distribution of a series of
maxima. The POT method helps in estimating tails of the distribution of the data, based on the
exceedances of rate of return over a specified level. The POT method has been proven to be more
effective whilst modeling limited data (McNeil, Frey, and Embrechts (2015)), which in case of
financial data may not necessary be a problem, but when only rare events are included may the
dataset become poorer.

These methods usually fit either generalized extreme value (GEV) distribution (suitable for
BM) or generalized Pareto distribution (GPD), which is the case for the POT method. GPD can be
given by:

~

[
I

£t
Ge,c;(y):{ (1+5y) © (11)

U e
It
o O

(S
I
Q
Q
~

where:

Introduction

& = shape parameter,
o = scale parameter.

An excess distribution over a given threshold u is expressed by:

where 0 <y < xr —u and:
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F,, = conditional excess distribution function,
y =Xx-u,

Therefore we may assume that there exists such extreme distribution F* and for some threshold
u, Fy(x) = Gg¢ 5(x) and & € IR, > 0. For any x > u:

Fx)=X>u)PX >x—X >u)

13)

If we inverse the formula in 14, we will obtain a quantile function, which is exactly what we
need to calculate excess Value-at-Risk:

Vakua(z‘):qa(F):zH-g((le_u(;‘)_g_l)_ (14)

We may replace F(u) with the relation of the observations below the threshold to the number
of observations ((N — N,)/N) to obtain an estimator for tail probability (Smith (1987)):

A 6 N \-¢
VaRua(t):u+g<(]7a> —1). (15)

u

where:
N,, = number of observations exceeding threshold u,
N = number of observations.

Such theoretical distribution could be fit to the original data, have proposed a dynamic approach
to EVT Value-at-Risk estimation. Prior to the GED fitting, we could estimate the current market
volatility using GARCH models and fit the theoretical extreme distribution to the residuals of such
model. Therefore the final Value-at-Risk one day ahead forecast can be expressed by:

VaRq(t+1) = U1+ VaRy, (t +1)v/hiy1 (16)

One unknown remains — how to set the value of threshold u. Usually two options are used:
mean excess plots, which represent the empirical mean excess function over the threshold value
u; Hill estimators, which are conditional maximum likelihood estimators. Both the techniques
rely on subjective choice by an expert knowledge. However, choosing the threshold each time the
estimation window moves would be a huge effort. To address this issue, we decided to set the
threshold automatically — at threshold u equal to a certain quantile g; of the standardized residuals,
where k < a, hence creating EVT k-quantile POT models. In this study, we consider the values of
k € {0.90,0.95}.

If there are numerous approaches to Value-at-Risk estimation, that perform the best in different
market states, would it not be more efficient to combine the forecasts to perhaps obtain better
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estimates? According to Armstrong (2001), combining the forecast may provide results that outrun
single models due to reduced inconsistency in estimates. The first to introduce a concept of combined
forecast were Bates and Granger (1969) who proposed an unbiased forecast as a linear combination
of two forecast tests, where weights are estimated on the past errors of original forecasts. On the
other hand, Diebold (1988) argues that single model might be better off in Value-at-Risk estimation
than the combination of several models that are based on incorrect assumptions.

More recent studies shed some more light on the combined forecasts in Value-at-Risk estima-
tion. The simplest approach to combined forecasts used in the literature is averaging — a simple
arithmetic mean of the sets of separate models’ forecasts. Such an estimate could be written as:

K
VaRe (1) = 2= VZRa,k(t) (17)

where:
K = number of averaged Value-at-Risk approaches.

Another approach would be to select the minimum or maximum (depending on the conser-
vatism of the approach) Value-at-Risk estimate among the chosen models:

VaRy(t) = min{VaRy 1 (t),...,VaRq k(1) }. (18)

3. Backtesting Framework

An advantage of Value-at-Risk estimates is that its performance is easily comparable between the
models because as an output they provide values that can be assessed a posteriori. At the moment,
the two most popular approaches are used in Value-at-Risk evaluation — statistical tests of adequacy
and loss functions.

There are several statistical accuracy tests based on hypothesis testing. One of the most
common is unconditional coverage test developed by Kupiec (1995) (also known as the Kupiec
test). To derive its formula let us start with the definition of exceedance as an indicator function:

[ 1 if 1 <VaRy(t)
I’_{ 0 if r,>VaRy(t) (19
where:
T = rate of return realization at time t,

VaRy (1) = Value-at-Risk forecast for time t.

Kupiec (1995) has proven that assuming the probability of an exceedance is constant, then
overall the number of exceptions over testing sample N, = Zf': 1 I; 1s a Bernoulli process (it comes
from binomial distribution B(N, o), where N is number of observations). Moreover, an excess ratio
can be defined as:

Zr:l Il
N

o=

(20)

where:
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O = observed excess ratio,
N = number of observations.

An unconditional coverage relates to the inference that accurate Value-at-Risk model should
produce forecasts with & equal to o which is Kupiec test’s null hypothesis. Its statistic is a likelihood
ratio test, which follows asymptotic y?(1) distribution and can be written as:

LRyc =2(log(0™e (1 — a)V™Ne) — log(a™e (1 — o)V Ne)), 21)

where:
& = observed excess ratio,
o = assumed confidence level.

Proof of Kupiec (1995) is also a foundation of the Basel Traffic Light test, which depending
on a particular cumulative binomial probability percentages, assigns one of three color zones to the
analyzed Value-at-Risk measure. Consequently, all models with the number of exceedances are
lower than 95% of cumulative binomial distribution (for specific N and ) are assigned to the green
zone, meaning that these models are accurate. Above 95% is the beginning of the yellow zone,
which raise questions in regard of accuracy, but they do not perform badly themselves. Conclusively,
all models whose number of exceedances fall above 99.99% are assigned to the red zone and
assumed to be incorrect.

Another approach to statistical hypotheses testing has been proposed by Christoffersen (1998),
who established the conditional coverage test (also known as the Christoffersen test). It extends the
unconditional coverage test by verifying serial independence of the Value-at-Risk exceedances. The
statistic for Christoffersen test follows asymptotic y?(2) distribution and can be expressed by:

LRcc = LRyc + LRinD, (22)

where:

Rinp — likelihood ratio statistic for the hypothesis of serial independence against first-order
Markov dependence, expressed by:

2<log((1 _ nOI)Noon(I)\;m (1 . ﬂ:ll)NmTEf[]ll) _ log((l _ &)Noo-i-Nm &Noo-i—N()l)) (23)

where:

N;j — number of observations in state j after having been in state i in the previous period (0 — not
an exceedance, 1 — exceedance),
o1 — N Noy s
01-+Noo

= RN

One of the most serious flaws of the aforementioned accuracy test is the lack of ability to
assess the Value-at-Risk measure given many confidence levels. To overcome this issue, Pérignon
and Smith (2008)) proposed a multivariate unconditional test, which is also a likelihood test but
can test more than one coverage rates at once. The test itself comes from y?(j) distribution, where
Jj 1s the number of tested coverage rates. For a particular number of confidence levels j, we can

build j disjoint intervals of Value-at-Risk estimates: { (—oo;VaRe,), (VaRa,:VaRa, ], ..., (VaRq;;0) |
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We can assign the probability of falling into each of these intervals by subtracting confidence
level of a particular interval and confidence level of a previous interval, as such: {90 = 0,0 =
o — Qp,...,0; = oj — aj_y } Moreover an indicator function for a particular interval can be
expressed by:

o . oy _J 1 if VaRg 1(t) <r; <VaRy(t)
Jje=1(0g) = (@) = { 0 otherwise 24)
where:

T = rate of return realization at time t,

VaRy (1) = Value-at-Risk forecast for time t.
Therefore, the formal derivation of the Pérignon and Smith test is given by:

J N; J
LRyyc = Z(ZNilog(ﬁ) — ZNilog(G,')) (25)
i=0 i=0

where:
N; = sum of indicator function of a particular interval J;,,
0, = theoretical probability of falling into a particular interval.

The second approach to Value-at-Risk assessment is cost functions, which calculate the
probable losses conditional of using a particular model. The first researcher to develop this area of
evaluation was Lopez (1998), who defined cost function as a tool to measure the magnitude of a
loss in case an exceedance occurred. The model cost function he proposed can be expressed by:

| g(r,VaRy(t)) if r; <VaRg(t)
Ch = { 0 if r;>VaRy(t) (26)

where:
g(.) = penalty function for Value-at-Risk exceedance.

Researchers have proposed many forms of penalty function. For example Abad, Benito, and
Lopez (2015) proposed the following cost function:

| | —=VaRy(t)| if r <VaRgy(t)
Cas, —{ 0 i > VaRo(t) 27)

The overall score for a model is calNculated as a sum of cost function values for all forecasts
divided by number of exceedances N, Z’%ecF’

Some researchers argue that cost functions should also include an opportunity cost as a measure
of the model’s usage for cases when Value-at-Risk estimate is not exceeded. For example Caporin
(2008) suggested following cost function:

Ce, =

t

(28)

|rr = VaRy(t)| if 1 <VaRy(?)
|y =VaRg(t)| if 1 >VaRg(t) ’

which is in fact Abad, Benito and Lopez’s cost function expanded to every forecast. Such a
function takes into account the magnitude of the models, which tend to overestimate Value-at-Risk
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for the low number of exceedances. Another function of that type was proposed by Chlebus (2016),
who extends the concept of cost functions distinguishing penalty for opportunity cost between the
cases of positive and negative rate of return. Moreover, in case of Value-at-Risk exceedance, he
proposes not to measure the magnitude of loss above the reserve, but the magnitude of whole loss.
The higher the value is the more conservative the model tends to be. His approach is as follows:

|VaRy (1) if rn>VaRy(t) and r, >0
Cec, = |rn—VaRy(t)| if re>VaRy(t) and r <0 (29)
|7 if rp<VaRy(t) and r, <0

Last of the cost functions that we have considered in the research was proposed by Amendola
and Candila (2016). They have introduced it in a way that the overestimated Value-at-Risk models
are less penalized than the models that underestimate the risk. Such approach can very clearly
distinguish between the conservative and liberal models. Let X = ‘3‘%““ be the relative deviation
from the assumed level of excess ratio. Then:

X if X>0
P_{l if X<0 (30)
where:

P = penalizing quantity.

P is later included in the cost function and it penalizes more the higher the observed excess
ratio & becomes:

P(1+|rr—VaRg(t)|) if r <VaRu(t)
Ca, = B . 3D
|rr —VaRy (1) if rr>VaRy(t)
In the three aforementioned cases, the overall score is equal to the sum of the cost functions
N
for each forecast divided by the number of forecasts N, #

4. Data

Comparison and assessment of different Value-at-Risk techniques have been performed for log rate
of return from six separate indexes: three from developed and three from developing countries. The
indexes included WIG (Poland), BUX (Bulgaria), RTS (Russia), DJI (United States of America),
LSE (Great Britain) and NKX (Japan). Next, over the last 20 years, four distinct periods were
selected, each of them lasting 5 years and characterized with different volatility details, including
division into learning and testing samples, where testing sample always covers almost the entire last
year of the period (250 observations). Period I includes years 2003 — 2007, period II lasts from July
2004 to June 2009, period 3 includes years 2007 — 2011 and period IV includes years 2008 — 2012.
Periods were selected so that all of the combinations of turbulent and tranquil volatility measures
were covered, hence periods I and II build the model on the tranquil in-sample, whereas periods II1
and IV are built over the sample of rather high volatility. Periods I and IV use low volatility samples
to test the model, while for periods II and III forecasts were built for turbulent out-of-sample.

The choice of the corresponding periods has been done under two assumptions. First of all
(as far as it is possible) the periods were supposed to last five full years from 1% of January to
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2003-01-02 / 2007-12-28 2004-07-01 / 2009-06-30
w w
O O
O O
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0.00 000 0.00 0.00
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Jan 022003  Jan 02 2004 Jan 032005 Jan 022006 Jan 022007 Dec 28 2007 Jul 012004 Jul012005  Jul032006 Jul 022007  Jul012008 Jun 302009

2007-01-02 / 2011-12-30 2008-01-02 / 2012-12-28
w w
o O
O @]

Jan 02 2007  Jan 02 2008 Jan 052009 Jan 04 2010 Jan 03 2011 Dec 30 2011 Jan 022008 Jan 052009 Jan 04 2010 Jan 032011 Jan 022012 Dec 28 2012

Figure 1: Rate of returns for WIG with illustratory division into four considered time frames

31% of December, with the last year (more or less, it is always 250 observations) being the testing
one. Second of all the tranquil and volatile periods were supposed to have high relative volatility.
In the end, four aforementioned periods were formed that fit these rules the best for each of the
considered indices (with one exception of period II, which starts in July of 2004, so that the most of
the volatility that was an effect of the world crisis is captured in the testing sample).

All of the considered approaches were built to satisfy Basel Il requirements, therefore using the
rolling-window method one-day before the Value-at-Risk estimates were calculated. For confidence
level, two values were selected: 99% and 97.5% (99% is established by the current legal framework
(and therefore reported in hereby work), but is going to be replaced with 97.5% in the forthcoming
updates and a will change to expected shortfall as the market risk indicator). The number of
observations in the learning sample differs by several days in each period and for each index, but
the testing sample always covered 250 observations. To sum up, the evaluation will be considered
for each approach, for six different indexes in four different time periods at two separate confidence
levels. All of the calculations were performed in R.
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5. Results

5.1. Single models forecasts

Based on the results of statistical tests for both considered confidence levels, the best models
include FHS with skewed normal distribution, GARCH models with both skewed student’s t and
standardized student’s t distributions, the EVT 90-th quantile model and the CAViaR GARCH
model. Each of these models has scored the least in terms of rejections of null hypotheses (p-value
that was considered was equal to 0.01). On the other hand, the worst model appears to be CAViaR
AD, for which the null hypotheses were rejected the most number of times. The remaining models
have fairly good results with only a few rejections that appear mostly in the IV studied period for
both studied confidence levels.

If we add information about the number of exceedances to the information the above situation
is further clarified. In terms of exceedances, the best model is GARCH with standardized student’s t
distribution — the mean number of exceedances is the lowest among all models for the Value-at-Risk
at 1% and 2.5% confidence levels, being nearly equal to the assumed confidence levels in the IV
period (only 4 yellow zones and no red zones in terms of Basel Traffic Light test.) Similarly the
GARCH with skewed student’s t distribution does not achieve any exceedances for the Value-at-Risk
at 1% confidence level, but the mean number of exceedances is slightly higher throughout all the
studied periods (6 yellow zones). Although the CAViaR GARCH model has a lower excess ratio for
the Value-at-Risk at 1% confidence level (mean of 3.67 exceedances, twice in the yellow zone), there
occurred several more exceedances for the Value-at-Risk at 2.5% confidence level, in addition the
mean numbers of exceedances are also higher than in case of GARCH with standardized student’s
t distribution. However, it must be noted that in case of II and III periods where models have
been tested on relatively volatile samples, the CAViaR GARCH model has been proven to achieve
better results than GARCH with skewed student’s t distribution. In conclusion, these models almost
always received the green light in terms of Basel Traffic Light test, with just a few exceptions.

The remaining models in terms of Value-at-Risk at 1% confidence level have mostly achieved
2 to 3 exceedances in the relatively low volatile periods and as much as 4 or 5 exceedances in
the turbulent periods and in terms of Value-at-Risk at 2.5% confidence level 1 or 2 exceedances,
regardless of the studied period. Moreover, in terms of CAViaR models, the exceedances were
so large (10 — 12 exceedances at 1% confidence level; 20 — 24 exceedances at 2.5% confidence
level) that models CAViaR AD earned a red light in the Basel Traffic Light test. The CAViaR in the
adaptive approach was not able to match the market conditions in most cases, once again confirming
its worst position in this study.

When it comes to the cost of the models, the cheapest in terms of Excessive cost function is
FHS with skewed normal distribution, followed by CAViaR GARCH. The most expensive one in
terms of all costs is the best models so far - GARCH with standardized student’s t distribution.
A fairly cheaper solution is its ‘sibling” model — GARCH with skewed student’s t distribution.
Considering all models, the cheapest one appears to be GARCH with skewed normal distribution,
but its relatively high number of exceedances increases the cost of usage in terms of bad forecasts.
Despite the prevalence with historical simulation, CAViaR AD is one of the most expensive models
due to its propensity to exceed.

When comparing the model’s correctness in the space of different indices, we have not found
any differences between a particular model’s number of exceedances for indices from emerging
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and developed countries. There are some slight deviations in case of mean number of exceedances
for these groups, but it seems that all models are affected. This may impose that the hypothesis
about model’s differing quality of outcome depending on time series country of origin is highly
affected by underlying data, and such deviations should not be attributed to the level of country’s
development.

The level of volatility in the in- and out-of-sample does influence the model’s predictions.
Many of the models that performed well in the calm periods are not able to estimate correctly in
case of highly volatile periods. These results are in accordance with the literature — parametric
models are able to estimate forecasts that would obtain low number of exceedances even in case of
high volatility. Semi- or non-parametric models are able to forecast accurately when there are no
uncommon events, even more accurately than parametric models, but if they occur, it is likely that
parametric model would outdo them in terms of banking system’s needs.

In conclusion, the best models that we propose are:

 parametric: GARCH models with skewed student’s t and standardized student’s t distributions;
* semi- or non-parametric: FHS with skewed normal distribution, EVT model with a threshold
set to 90-th quantile and CAViaR model with GARCH-like specification.



Table 1: Benchmarking results for each of the considered Value-at-Risk models for 1% confidence level in each considered time frame

PERIOD I PERIOD II PERIOD III PERIOD IV
s 3 R s 3 R
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WIG 4.00 1.60 1.20 3.23 2.76 0.06 5.00 2.00 0.98 5.65 4.97 0.11 3.00 1.20 091 3.34 2.95 0.05 2.00 0.80 0.31 2.71 2.34 0.04
BUX 5.00 2.00 0.63 297 2.55 0.08 4.00 1.60 1.37 6.74 5.76 0.10 5.00 2.00 0.55 442 393 0.10 1.00 0.40 0.06 3.94 3.46 0.04
RTS 1.00 0.40 3.21 4.55 3.98 0.05 2.00 0.80 2.84 12.22 10.81 0.13 6.00 2.40 2.05 5.53 4.93 0.15 3.00 1.20 0.44 4.77 4.24 0.06
r'é 5 EC 3.33 1.33 1.68 3.58 3.10 0.07 3.67 1.47 1.73 8.20 7.18 0.11 4.67 1.87 1.17 4.43 3.94 0.10 2.00 0.80 0.27 3.81 3.34 0.05
E §] DJI 5.00 2.00 0.98 6.17 5.35 0.12 2.00 0.80 1.64 332 2.86 0.04 1.00 0.40 0.15 240 2.12 0.03 9.00 3.60 0.71 2.05 1.78 0.51
o LSE 500 200 072 265 229  0.08 5.00  2.00 1.36 7.72 6.83  0.13 3.00 120 232 413 3.62 0.06 0.00  0.00 - 296 2.6l 0.03
NKX 4.00 1.60 0.74 2.87 2.51 0.06 5.00 2.00 1.02 6.19 533 0.12 4.00 1.60 1.50 3.86 3.45 0.07 0.00 0.00 - 3.18 273 0.03
DC 4.67 1.87 0.81 3.89 3.38 0.09 4.00 1.60 1.34 5.74 5.01 0.10 2.67 1.07 1.32 347 3.06 0.05 3.00 1.20 - 2.73 2.37 0.19
AC 4.00 1.60 1.25 3.74 3.24 0.08 3.83 1.53 1.54 6.97 6.09 0.10 3.67 1.47 1.25 3.95 3.50 0.08 2.50 1.00 - 3.27 2.86 0.12
WIG 4.00 1.60 1.18 3.36 2.88 0.06 6.00 2.40 0.69 5.71 5.05 0.15 2.00 0.80 1.12 343 3.03 0.04 2.00 0.80 0.38 2.69 232 0.03
BUX 6.00 240 0.65 2.89 248 0.13 4.00 1.60 0.95 6.91 5.95 0.10 4.00 1.60 0.92 4.32 3.81 0.07 0.00 0.00 - 3.84 3.36 0.04
RTS 1.00 0.40 3.12 4.35 3.79 0.05 1.00 0.40 5.80 12.29 10.86 0.13 6.00 2.40 1.99 5.68 5.08 0.16 2.00 0.80 0.46 4.73 4.18 0.06
% 5 EC 3.67 1.47 1.65 3.54 3.05 0.08 3.67 1.47 248 8.30 7.29 0.13 4.00 1.60 134 448 3.97 0.09 1.33 0.53 - 3.75 3.29 0.04
E Eg DJI 4.00 1.60 1.26 6.04 5.22 0.09 3.00 1.20 1.02 3.29 2.84 0.05 0.00 0.00 - 2.33 2.04 0.02 7.00 2.80 0.80 2.13 1.84 0.19
0O LSE 4.00 1.60 0.93 2.65 2.28 0.06 5.00 2.00 1.24 7.71 6.83 0.13 2.00 0.80 3.12 4.49 3.96 0.05 1.00 0.40 0.53 291 2.56 0.03
NKX 4.00 1.60 0.80 2.87 2.51 0.06 3.00 1.20 1.33 6.27 5.38 0.08 2.00 0.80 2.95 3.75 3.31 0.05 1.00 0.40 0.13 3.14 2.70 0.04
DC 4.00 1.60 1.00  3.85 334 0.07 3.67 1.47 1.20 5.76 502  0.09 1.33  0.53 - 352 310  0.04 3.00 120 048 273 237  0.09
AC 3.83 1.53 1.32 3.69 3.19 0.07 3.67 1.47 1.84 7.03 6.15 0.11 2.67 1.07 - 4.00 3.54 0.07 2.17 0.87 - 3.24 2.83 0.06
WIG 2.00 0.80 1.85 3.75 3.25 0.05 4.00 1.60 1.35 5.54 4.85 0.08 9.00 3.60 1.11 4.28 3.96 0.53 0.00 0.00 - 3.60 3.21 0.04
BUX 1.00 040 030 4.17 372 0.05 10.00  4.00  3.05 6.65 5.75 0.89 4.00 1.60 238 575 522 0.09 3.00 120  0.27 3.01 255  0.04
RTS 1.00 0.40 0.72 5.47 491 0.06 11.00 4.40 3.28 10.24 9.10 1.46 7.00 2.80 2.81 8.61 8.02 0.26 3.00 1.20 0.85 4.39 3.86 0.06
% A EC 1.33 0.53 0.96 4.46 3.96 0.05 8.33 333 2.56 747 6.57 0.81 6.67 2.67 2.10 6.21 573 0.29 2.00 0.80 - 3.67 3.21 0.05
E < DI 11.00 4.40 1.88 5.15 443 1.39 3.00 1.20 0.63 542 4.98 0.07 1.00 0.40 0.50 2.50 2.22 0.03 9.00 3.60 0.62 1.93 1.66 0.51
&} LSE 7.00 2.80 0.86 2.29 1.93 0.19 12.00 4.80 1.79 5.75 4.99 2.24 4.00 1.60 1.70 6.08 5.58 0.09 0.00 0.00 - 2.81 2.46 0.03
NKX 4.00 1.60 1.14 2.78 242 0.06 7.00 2.80 2.98 6.57 5.78 0.24 10.00 4.00 1.00 4.86 4.49 0.86 12.00  4.80 0.42 1.94 1.57 2.17
DC 7.33 2.93 1.29 341 2.93 0.55 7.33 2.93 1.80 591 5.25 0.85 5.00 2.00 1.07 4.48 4.10 0.33 7.00 2.80 - 2.23 1.90 0.90
AC 4.33 1.73 1.12 3.93 3.45 0.30 7.83 3.13 2.18 6.69 591 0.83 5.83 233 1.58 5.35 4.92 0.31 4.50 1.80 - 2.95 2.55 0.47
WIG 4.00 1.60 1.06 352 3.04 0.06 5.00 2.00 0.90 5.59 491 0.11 3.00 1.20 0.75 3.36 2.97 0.05 2.00 0.80 0.29 2.71 2.34 0.04
BUX 4.00 1.60 0.76 2.94 2.52 0.06 5.00 2.00 1.22 6.61 5.67 0.12 4.00 1.60 0.93 4.31 3.80 0.07 0.00 0.00 - 3.59 3.10 0.04
RTS 1.00 0.40 3.02 441 3.85 0.05 5.00 2.00 1.90 11.14 9.83 0.17 4.00 1.60 3.07 5.79 5.16 0.09 2.00 0.80 0.02 4.71 4.16 0.06
n = EC 3.00 1.20 1.61 3.62 3.14 0.06 5.00 2.00 1.34 7.78 6.80 0.13 3.67 1.47 1.58 449 3.98 0.07 1.33 0.53 - 3.67 3.20 0.04
E % DII 3.00 1.20 0.87 5.96 5.12 0.07 3.00 1.20 1.03 3.38 2.93 0.05 2.00 0.80 0.11 2.28 2.01 0.03 10.00  4.00 0.54 2.01 1.74 0.83
Z  LSE 6.00 240 0.75 2.50 2.15 0.12 5.00 2.00 1.38 7.03 6.14 0.13 2.00 0.80 2.07 4.52 4.00 0.05 1.00 0.40 0.11 297 2.62 0.03
NKX 4.00 1.60 1.09 283 247 0.06 2.00 0.80 1.85 6.55 564  0.07 3.00 120 2.65 352 3.09 005 200 080 009 297 255 0.04
DC 4.33 1.73 0.91 3.76 3.25 0.08 333 1.33 1.42 5.65 491 0.08 233 0.93 1.61 3.44 3.03 0.04 433 1.73 0.25 2.65 231 0.30
AC 3.67 1.47 1.26 3.69 3.19 0.07 4.17 1.67 1.38 6.72 5.86 0.11 3.00 1.20 1.60 3.96 3.50 0.06 2.83 1.13 - 3.16 2.75 0.17
WIG 4.00 1.60 1.06 3.49 3.02 0.06 4.00 1.60 1.10 5.52 4.83 0.08 3.00 1.20 0.74 3.36 2.97 0.05 2.00 0.80 0.32 2.72 2.35 0.04
BUX 4.00 1.60 0.70 2.95 2.53 0.06 6.00 2.40 1.07 6.60 5.68 0.16 4.00 1.60 090  4.30 3.79 0.07 1.00 0.40 0.08 3.60 3.12 0.04
RTS 1.00 0.40 2.76 4.45 3.89 0.05 5.00 2.00 1.93 11.06 9.75 0.17 4.00 1.60 3.11 5.80 5.16 0.09 1.00 0.40 0.06 4.71 4.15 0.05
» E EC 3.00 1.20 1.51 3.63 3.15 0.06 5.00 2.00 1.37 7.73 6.75 0.14 3.67 1.47 1.59 4.49 3.98 0.07 1.33 0.53 0.15 3.68 3.21 0.04
E % DIJI 2.00 0.80 1.21 6.01 5.15 0.07 3.00 1.20 1.01 3.40 295 0.05 2.00 0.80 0.11 2.28 2.01 0.03 7.00 2.80 0.70 2.06 1.77 0.19
v LSE 6.00 240 0.78 2.49 2.14 0.12 5.00 2.00 1.36 7.00 6.11 0.12 2.00 0.80 2.04 454 4.02 0.05 1.00 0.40 0.12 2.96 2.62 0.03
NKX 4.00 1.60 1.06 2.83 2.47 0.06 3.00 1.20 1.36 6.57 5.71 0.08 3.00 1.20 2.69 3.55 3.12 0.05 1.00 0.40 0.11 2.98 2.55 0.03
DC 4.00 1.60 1.02 3.78 3.26 0.08 3.67 1.47 1.24 5.66 4.92 0.08 233 0.93 1.61 3.46 3.05 0.04 3.00 1.20 0.31 2.67 231 0.09
AC 3.50 1.40 1.26 3.71 3.20 0.07 4.33 1.73 1.31 6.69 5.84 0.11 3.00 1.20 1.60 3.97 3.51 0.06 2.17 0.87 0.23 3.17 2.76 0.06
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Table 1: Benchmarking results for

each of the considered Value-at-Risk models for 1% confidence level in each considered time frame

(continued)
PERIOD I PERIOD II PERIOD III PERIOD IV
3 g . 2 g . i g . . 3 g .
N R I N ) 3 2 8 % &
2 2 = S < % 2 = S < 2 2 < S < 2 2 < S T
’ g M — 8] - g 2 M — &} - g 8 2} ~ &) - ’ 8 ) = 0 «
=} < < Q m < =} < < Q m < S = < Q m < ] = < Q m <
Z [S3] @) @] @) @) Z m @) &) &) @) Z 8] @) &) @] @) Z [Sa] &) &) @) @)
WIG 4.00 1.60 1.17 343 2.96 0.06 4.00 1.60 1.16 5.51 4.82 0.08 4.00 1.60 0.62 3.32 2.94 0.06 2.00 0.80 0.38 2.64 2.26 0.03
BUX 4.00 1.60 0.85 2.80 2.37 0.06 6.00 2.40 1.14 6.48 5.55 0.16 4.00 1.60 0.86 4.33 3.83 0.07 1.00 0.40 0.02 3.59 3.11 0.04
RTS 1.00 0.40 2.89 4.38 3.82 0.05 5.00 2.00 2.13 10.83 9.51 0.16 4.00 1.60 3.07 5.85 5.22 0.09 3.00 1.20 0.05 4.68 4.16 0.06
" EC 3.00 1.20 1.64 3.54 3.05 0.06 5.00 2.00 1.48 7.61 6.63 0.14 4.00 1.60 1.52 4.50 3.99 0.07 2.00 0.80 0.15 3.64 3.18 0.05
; DIl 2.00 0.80 1.35 5.94 5.09 0.07 3.00 1.20 0.99 3.38 2.94 0.05 2.00 0.80 0.13 2.29 2.01 0.03 9.00 3.60 0.63 1.97 1.70 0.51
m LSE 5.00 2.00 0.86 2.54 2.18 0.08 5.00 2.00 1.28 7.01 6.12 0.12 2.00 0.80 2.26 4.41 3.88 0.05 1.00 0.40 0.14 2.88 2.54 0.03
NKX 4.00 1.60 0.96 2.99 2.63 0.06 2.00 0.80 1.90 6.58 5.67 0.07 3.00 1.20 2.54 3.66 3.23 0.05 0.00 0.00 - 3.11 2.67 0.03
DC 3.67 1.47 1.06 3.83 3.30 0.07 3.33 1.33 1.39 5.66 491 0.08 2.33 0.93 1.64 345 3.04 0.04 3.33 1.33 — 2.66 2.30 0.19
AC 3.33 1.33 1.35 3.68 3.17 0.06 4.17 1.67 1.43 6.63 5.77 0.11 3.17 1.27 1.58 3.98 3.52 0.06 2.67 1.07 - 3.15 2.74 0.12
WIG 5.00 2.00 1.00 3.34 2.87 0.09 6.00 2.40 0.86 5.44 4.78 0.15 4.00 1.60 0.58 3.35 2.97 0.06 2.00 0.80 0.30 2.70 2.33 0.04
BUX 4.00 1.60 082 283 240  0.06 6.00  2.40 1.29 6.33 540 0.16 4.00 1.60 0.85 433 382 0.07 1.00 040 0.00 359 312 0.04
RTS 1.00 0.40 2.93 4.44 3.88 0.05 6.00 2.40 1.85 10.64 9.35 0.21 4.00 1.60 3.22 5.68 5.05 0.09 3.00 1.20 0.10 4.64 4.12 0.06
K EC 3.33 1.33 1.58 3.54 3.05 0.06 6.00 2.40 1.33 7.47 6.51 0.17 4.00 1.60 1.55 4.45 3.95 0.07 2.00 0.80 0.13 3.65 3.19 0.05
; DJI 2.00  0.80 1.27  6.05 520  0.07 3.00 1.20  0.98 3.40 2.95 0.05 200 080 0.11 229 202 003 800 320 066 202 1.74  0.31
M LSE 5.00 2.00 0.84 2.56 2.19 0.08 5.00 2.00 1.28 7.00 6.12 0.12 3.00 1.20 1.53 4.33 3.82 0.06 1.00 0.40 0.13 2.87 2.53 0.03
NKX 4.00 1.60 1.00 2.94 2.58 0.06 2.00 0.80 1.98 6.65 5.74 0.07 3.00 1.20 2.39 3.77 3.34 0.05 0.00 0.00 - 3.17 2.72 0.03
DC 3.67 1.47 1.04 3.85 3.32 0.07 3.33 1.33 1.42 5.68 4.94 0.08 2.67 1.07 1.34 3.46 3.06 0.05 3.00 1.20 - 2.69 2.33 0.13
AC 3.50 1.40 1.31 3.69 3.19 0.07 4.67 1.87 1.37 6.58 5.72 0.13 3.33 1.33 1.45 3.96 3.50 0.06 2.50 1.00 - 3.17 2.76 0.09
WIG 6.00 2.40 0.92 322 2.77 0.13 7.00 2.80 1.10 4.96 4.29 0.22 5.00 2.00 0.77 3.02 2.65 0.08 3.00 1.20 0.41 2.44 2.08 0.04
BUX 4.00 1.60 0.72 291 2.49 0.06 7.00 2.80 1.24 6.11 5.19 0.23 5.00 2.00 1.10 3.96 3.45 0.09 1.00 0.40 0.25 3.28 2.80 0.04
RTS 1.00 0.40 3.18 3.97 341 0.04 9.00 3.60 2.24 9.04 7.78 0.59 5.00 2.00 2.93 5.10 4.47 0.11 5.00 2.00 0.45 4.14 3.64 0.10
5 E EC 3.67 1.47 1.61 3.37 2.89 0.08 7.67 3.07 1.53 6.70 5.76 0.35 5.00 2.00 1.60 4.02 3.53 0.10 3.00 1.20 0.37 3.29 2.84 0.06
% % DII 4.00 1.60 0.89 5.57 4.76 0.08 4.00 1.60 0.97 3.08 2.63 0.06 3.00 1.20 0.30 2.05 1.78 0.04 9.00 3.60 0.62 1.98 1.70 0.51
[OR7) LSE 6.00 2.40 0.87 2.38 2.02 0.12 6.00 2.40 1.49 6.35 5.46 0.16 4.00 1.60 1.64 3.76 3.25 0.07 3.00 1.20 0.20 247 2.15 0.04
NKX 5.00 200 093 276 241 0.08 3.00 1.20 1.86 6.17 530  0.08 3.00 .20 271 353 3.10 0.05 1.00 040 0.13 2.97 2.53 0.03
DC 5.00 2.00 0.90 3.57 3.06 0.10 4.33 1.73 1.44 5.20 4.46 0.10 3.33 1.33 1.55 3.11 2.71 0.05 4.33 1.73 0.31 2.48 2.13 0.19
AC 4.33 1.73 1.25 347 2.98 0.09 6.00 2.40 1.48 5.95 5.11 0.22 4.17 1.67 1.57 3.57 3.12 0.07 3.67 1.47 0.34 2.88 2.49 0.13
WIG 4.00 1.60 .12 349 3.1 0.06 7.00 280 0.90 5.20 454 022 4.00 1.60  0.73 325 286  0.06 200 080 033 2.65 228  0.03
BUX 4.00 1.60 0.57 3.08 2.65 0.06 5.00 2.00 1.34 6.44 5.50 0.12 5.00 2.00 0.85 4.17 3.67 0.10 1.00 0.40 0.18 3.42 2.95 0.04
[ RTS 1.00 0.40 2.26 493 4.37 0.05 4.00 1.60 2.08 11.33 9.99 0.14 4.00 1.60 3.07 5.81 5.17 0.09 2.00 0.80 0.16 4.61 4.07 0.05
; EC 3.00 1.20 1.32 3.83 3.35 0.06 5.33 2.13 1.44 7.66 6.68 0.16 4.33 1.73 1.55 4.41 3.90 0.08 1.67 0.67 0.22 3.56 3.10 0.04
E DJI 2.00 0.80 0.94 6.31 5.46 0.07 3.00 1.20 0.94 3.44 3.00 0.05 3.00 1.20 0.09 2.30 2.03 0.04 7.00 2.80 0.60 2.15 1.87 0.19
< LSE 5.00 2.00 0.81 2.57 2.21 0.08 5.00 2.00 1.40 6.80 591 0.12 3.00 1.20 1.84 4.13 3.62 0.06 1.00 0.40 0.17 2.76 241 0.03
© NKX 4.00 1.60 1.08 2.89 2.53 0.06 3.00 1.20 1.70 6.51 5.64 0.08 3.00 1.20 2.68 3.66 3.23 0.05 1.00 0.40 0.03 3.05 2.61 0.03
DC 3.67 1.47 0.95 3.92 3.40 0.07 3.67 1.47 1.35 5.59 4.85 0.08 3.00 1.20 1.54 3.36 2.96 0.05 3.00 1.20 0.27 2.65 2.30 0.09
AC 333 1.33 1.13 3.88 3.37 0.06 4.50 1.80 1.39 6.62 5.76 0.12 3.67 1.47 1.54 3.88 343 0.07 2.33 0.93 0.25 3.11 2.70 0.06
WIG 6.00 2.40 0.89 3.24 2.79 0.13 7.00 2.80 1.11 4.96 4.29 0.22 4.00 1.60 0.81 3.15 2.77 0.06 3.00 1.20 0.30 2.55 2.19 0.04
BUX 4.00 1.60 0.65 2.98 2.56 0.06 6.00 2.40 1.21 6.34 542 0.16 5.00 2.00 0.80 421 3.71 0.10 1.00 0.40 0.16 345 297 0.04
= RTS 1.00 0.40 3.21 4.04 348 0.04 7.00 2.80 2.08 10.02 8.74 0.27 4.00 1.60 343 5.37 4.73 0.08 4.00 1.60 0.32 4.32 3.81 0.07
- EC 3.67 1.47 1.58 342 2.94 0.08 6.67 2.67 1.47 7.11 6.15 0.22 4.33 1.73 1.68 4.24 3.74 0.08 2.67 1.07 0.26 3.44 2.99 0.05
8 DJI 2.00 0.80 1.31 5.87 5.01 0.07 3.00 1.20 1.17 3.20 2.75 0.05 3.00 1.20 0.22 2.14 1.87 0.04 8.00 3.20 0.63 2.04 1.76 0.31
é LSE 6.00 2.40 0.84 2.40 2.04 0.12 6.00 2.40 1.45 6.39 5.51 0.16 3.00 1.20 2.09 3.92 341 0.05 2.00 0.80 0.20 2.60 2.26 0.03
NKX 5.00 2.00 1.01 2.71 2.36 0.08 3.00 1.20 2.05 6.16 5.28 0.08 3.00 1.20 2.92 3.48 3.05 0.05 2.00 0.80 0.09 291 2.48 0.04
DC 4.33 1.73 1.05 3.66 3.14 0.09 4.00 1.60 1.55 5.25 4.51 0.10 3.00 1.20 1.75 3.18 2.78 0.05 4.00 1.60 0.31 2.51 2.17 0.13
AC 4.00 1.60 1.32 3.54 3.04 0.08 5.33 2.13 1.51 6.18 5.33 0.16 3.67 1.47 1.71 3.71 3.26 0.06 3.33 1.33 0.28 2.98 2.58 0.09
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Table 1: Benchmarking results for each of the considered Value-at-Risk models for 1% confidence level in each considered time frame
(continued)

PERIOD I PERIOD II PERIOD I1I PERIOD IV
5§ 8 88 58 8 58 8
5 3 § 3 s 3 s 3
TOE = o TOE = o TOE = o T8 = o
I R s 2 = T 0% I
3 2 S 5 2 S 5 2 S 3 2 S
) g m = 3] - ) g q < 0 - ) 8 ) < 3] - ) 8 @M = 3] -
S g < o 5 2 s g < o il A s g 2 o @ A S g = O @ 4
Z [s4) @] @] @] @] V4 m O @] QO O Z 3] @] @] O @] Z 3] @] @] @] @]

WIG 3.00 1.20 1.29  3.67 318 0.05 400  1.60 1.15 5.57 4.88  0.08 3.00 120 051 359 321  0.05 1.00 040 0.14 293 255 0.03

BUX 3.00 120 063 3.18 275 0.05 500 200 091 6.86 593 0.12 200 080 069 480 426 0.06 0.00  0.00 - 396 348  0.04
= RTS 1.00 040 233 508 452 0.05 200 080 217 12.91 11.51 0.14 3.00 120 334 659 594 0.08 0.00  0.00 - 535 477 0.05
- % EC 233 093 142 398 349 0.05 3.67 1.47 1.41 8.45 744  0.12 2.67 1.07 1.51 499 447  0.06 033 0.3 - 408 3.60 0.04
Eé & DII 200 080 056 694 6.09 0.08 200 080 0.88 3.81 336 0.05 1.00 040 007 258 229 0.03 6.00 240 060 226 197 0.12
é »v» LSE 500 200 072 267 231 0.08 5.00  2.00 1.08 7.29 6.41 0.13 200 080 205 475 423 0.06 0.00  0.00 - 317 282 0.03
NKX 400 1.60 100 3.00 265 0.06 3.00 120 1.39 6.81 595 0.08 3.00 120 259 377 334 0.05 0.00  0.00 - 3.11 2.66  0.03
DC 3.67 1.47 076 420 3.68 0.07 3.33 1.33 1.12 5.97 524 0.09 200 080 157 370 329 0.05 2.00 0.80 - 284 248 0.06
AC 3.00 1.20 1.09 409 358 0.06 3.50 1.40 1.26 721 634  0.10 233 093 1.54 435 388 005 1.17 047 - 346  3.04 0.05

Note:
This table above presents the number of exceedances, excess ratio, Caporin, Abad & Benito’s and Chlebus’ cost functions, divided into the analysed periods and models for each analysed index. The analysis was performed at 250
Value-at-Risk forecasts generated by each model.

! Abad & Benito’s cost function

2 Caporin’s cost function

3 Chlebus’ cost function

4 Amendola & Candila’ cost function
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Table 2: Statistical benchmarking results for the considered Value-at-Risk models at 1% confidence level in each considered time frame

PERIOD I

PERIOD II

PERIOD IIT

PERIOD IV

UC test!

CC test?

MV UC test®

UC test!

CC test?

MV UC test?

UC test!

CC test?

MV UC test?

UC test!

CC test?

MV UC test?

CAVIAR SAV

CAVIAR GARCH

CAVIAR AD

FHS NORM

FHS SNORM

EVT95

EVT90

GARCH SNORM
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Table 2: Statistical benchmarking results for the considered Value-at-Risk models at 1% confidence level in each considered time frame
(continued)

PERIOD I PERIOD IT PERIOD III PERIOD IV

MV UC test®
MV UC test?
MV UC test?
MV UC test?

UC test!
CC test?
UC test!
CC test?
UC test!
CC test?
UC test!
CC test?

=
Q
o
R

GARCH-ST

GARCH-T

GARCH-T STAND

Note:
The table above presents the results of formal tests: Kupiec (unconditional coverage), Christoffersen (conditional coverage), and Multivariate Unconditional test for each analysed index divided into models in all analysed
periods. Green fields indicate p-values greater than 5%. EC, DC and AC stand for emerging, developed and all countries. Source - own calculations.

! p-value of the unconditional coverage test

2 p-value of the conditional coverage test

3 p-value of the multivariate unconditional coverage test for 1% and 2.5% VaR
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5.2. Mixed Forecasts

Based on the findings from the previous section, a set of the best models have been identified and
mixed forecasts have been calculated in the following way:

1. The overall number of ‘the best’ models is equal to 5, hence sets of combinations of from 2
to 5 models have been created. This kind of method produces 26 mixed forecasts of different
models: 10 of 2 models, 10 of 3 models, 5 of 4 models and 1 of 5 models.

2. The next step considered using aforementioned techniques for mixed forecasts: minimum
and arithmetic mean of the generated sets. This produces 52 different Value-at-Risk forecasts.

Logically, the minimum technique will produce the most conservative forecasts with high costs.
Value-at-Risk forecasts for both considered confidence levels in the minimum variant is the most
interesting case. We have either 0 or 1 exceedance, and there is very little space to propose a better
model. In terms of cost, these combinations of models are very costly, however the lowest costs are
achieved by combinations of FHS with skewed normal distribution and EVT with 90% quantile,
models that also achieved low costs in the single results. Considering the financial institution’s
tendency towards protection, such forecast combinations may be a very interesting approach to
Value-at-Risk estimation, given that the costs of using such methods increase relatively slower than
the increase in model’s ‘faultlessness’. In addition, the cost ratio of the ensembled model to its
components is at maximum equal to 2 - 3, which given its non-defectiveness might be a very superior
option for banking institutions. One of the best models produced in that step is a combination of
GARCH with standardized student’s t distribution and one of the two semi-parametrical models:
either FHS with skewed normal distribution or CAViaR with GARCH-like specification.

For the averaging ensembling method, all the combined forecasts are fairly similar in their
exceedances and the costs. One of the best combinations is the mean of CAViaR GARCH, GARCH
with standardized student’s t distribution and either FHS with skewed normal distribution or EVT
with 90% quantile. These forecasts obtained the lowest number of yellow lights in terms of Basel
Traffic Lights test, with circa 3 — 4 exceedances in all the observed periods. However, none of these
mean combined forecasts have obtained results that would be better than the original single models.
The best model here was a combination of GARCH models with skewed and standardized student’s
t distributions.

In conclusion, ensembling might provide a very good model, assuming that we use the
minimum method - in such a case the combined predictive power of the best models is able to nearly
perfectly forecast the volatile periods while simultaneously being relatively cheap in relation to the
component models.



Table 3: Benchmarking results for exemplary Value-at-Risk models combined by minimum ensembling method in each considered time frame

PERIOD I PERIOD II PERIOD III PERIOD 1V
@n —_ % —_ % —_ % —_
3 S 3 S 3 S 3 S
g ~ =} ~ =] ~ =1 ~
3 o 3 ° < ° b °
T g = o TOE = o TOE = o T OE = o
S = S = S S = 1S3 = IS3 S = IS = IS3 S = IS = IS
- - - -
% 2 < S < % 2 = S < % 2 < S < % 2 < S %
© 3 ) = ) « © 3 ) = 3 « °© 3 ) = Q < © 3 ) = @) <
3] : Q : 1 . S
] < < Q o < [} < < Q m < =) = < Q m < =) % < Q m <
z i} J O @) ) z ) ) O ) 3] z ) ) @] @) [3) z i} J O @) )

WIG .00 040 1.68 4.68 4.17 0.05 | 0.00 0.00 8.38 7.60 0.08 | 0.00 0.00 7.46 7.03 0.07 | 0.00 0.00 354 315 0.04

ca BUX 000 000 - 452 405 005 | 000 000 - 1651 1545 017 | 000 000 - 715 656 007 | 0.00 000 - 462 413 005
9% RIS 000 000 - 752 694 008 | 000 000 - 2717 2568 027 | 200 080 095 1009 946 0.1l | 000 000 - 579 521 006
Eg% EC 03 013 - 557 505 006|000 000 - 1736 1624 017 | 067 027 - 823 768 008 | 000 000 - 465 417 005
=P S DI 000 000 - 478 436 005|000 000 - 1448 1350 014 | 000 000 - 1104 1048 01 | 000 000 - 372 337 004
ES $  LSE 100 040 071 482 44 005 | 000 000 - 1856 1761 019 | 000 000 - 1287 1235 013 | 000 000 - 38 344 004
2 NKX 000 000 - 1181 1092 042 | 000 000 - 754 705 008 | 000 000 - 298 269 003 | 100 040 0I5 323 290 004
© pC 033 013 - 714 657 007 | 000 000 - 1353 1272 014 | 000 000 - 89 852 009 | 033 013 - 361 324 004

AC 033 013 - 635 581 006 | 000 000 - 1544 1448 0I5 | 033 013 - 860 810 009 | 0.17 007 - 413 370 0.04

WIG 200 080 098 448 399 005 | 1.00 040 022 795 720 008 | 000 000 - 637 593 006 | 000 000 - 329 290 003

BUX 200 080 047 388 344 005 | 000 000 - 1446 1339 014 | 100 040 042 646 590 007 | 000 000 - 416 3.68 0.04

s RTS 100 040 049 623 567 007 | 000 000 - 2168 2019 022 | 200 080 175 931 867 010 | 1.00 040 006 509 453 005
E¥<  EC 167 067 064 48 437 006 | 033 013 - 1470 1360 015 | 1.00 040 - 738 683 008 | 033 013 - 418 370 0.04
EZ5 D 100 040 005 422 38 005 | 000 000 - 1385 1286 014 | 000 000 - 1140 1084 0.1l [ 000 000 - 350 315 004
EQ® LSE 100 040 098 455 417 005 | 000 000 - 1538 1443 015 | 000 000 - 1125 1077 011 [ 000 000 - 363 318 004
2 NKX 000 000 - 1017 927 010 | 0.00 000 - 733 685 007 | 000 000 - 283 254 003 | 500 200 025 263 234 008
DC 067 027 - 631 575 007 | 000 000 - 1219 1138 012 | 000 000 - 849 805 008 | 1.67 067 - 325 289 005

AC 117 047 - 559 506 006 | 0.17 007 - 1344 1249 0.4 | 050 020 - 793 744 008 | 1.00 040 - 372 330 005

WIG 200 080 098 448 399 005 | 1.00 040 022 795 720 008 | 1.00 040 015 600 55 006 | 000 000 - 314 275 003

BUX 200 080 007 427 384 005 | 000 000 - 1483 1376 0.5 | 100 040 055 633 577 007 | 000 000 - 396 347 004

S RIS 100 040 028 643 588 007 | 000 000 - 2068 2019 022 | 200 08 183 922 859 010 | 1.00 040 006 509 453 005
EEZ  BEC 167 067 044 506 457 006 | 033 013 - 1482 1372 015 | 133 053 084 719 665 008 | 033 013 - 406 358 0.04
S0 DI 000 000 - 427 38 004 | 000 000 - 1385 1286 014 | 000 000 - 1140 1084 011 [ 000 000 - 350 315 004
EZ2s LSE 100 040 LI2 441 403 005 | 000 000 - 1500 1405 0I5 | 100 040 012 1096 1052 011 | 000 000 - 360 315 004
2 NKX 000 000 - 1057 967 01 | 000 000 - 733 685 007 | 000 000 - 283 254 003 | 200 080 030 284 252 0.04
DC 033 013 - 642 585 007 | 000 000 - 1206 1125 012 [ 033 013 - 839 796 009 | 0.67 027 - 331 294 0.04

AC 100 040 - 574 521 006 | 017 007 - 1344 1249 0.4 | 083 033 - 779 731 008 | 050 020 - 369 326 004

WIG 100 040 1.68 468 417 005 | 1.00 040 028 789 715 008 | 000 000 - 677 634 007 | 000 000 - 354 315 0.04

o BUX 000 000 - 450 403 004 | 000 000 - 1587 1480 016 | 000 000 - 715 656 007 | 0.00 000 - 462 413 005

Z RIS 000 000 - 714 657 007 | 000 000 - 2546 2397 025 | 200 080 095 1009 946 0.1 | 000 000 - 579 521 006
Ech  BC 033 013 - 544 492 006 | 033 013 - 1641 1531 017 | 067 027 - 800 745 008 | 000 000 - 465 417 005
EE £ DI 000 000 - 450 409 004 | 000 000 - 1448 1350 014 [ 000 000 - 1.4 1048 011 | 000 000 - 372 337 004
EMG  LSE 100 040 098 455 417 005 | 000 000 - 1538 1443 05 | 000 000 - 1125 1077 011 | 000 000 - 363 3.8 0.04
£ ONKX 000 000 - 1169 1080 0.2 [ 000 000 - 754 705 008 | 000 000 - 298 269 003 | 100 040 032 306 273 003

© pCc 033 013 - 692 635 007 | 000 000 - 1247 1166 012 | 000 000 - 843 798 008 | 033 013 - 347 309 004

AC 033 013 - 618 564 006 | 017 007 - 1444 1348 015 | 033 013 - 821 772 008 | 017 007 - 406 363 0.04

Note:
The table above presents the results of ensembling using minimum of up to 5 models. Only two the best and two the worst models are presented. The total number of models created was 26.
! Abad & Benito’s cost function
2 Caporin’s cost function
3 Chlebus’ cost function
4 Amendola & Candila’ cost function
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Table 4: Benchmarking results for exemplary Value-at-Risk models combined by averaging ensembling method in each considered time frame

PERIOD I PERIOD II PERIOD III PERIOD IV
g s § 2 § 2 | 2
3 ko = o 3 2 = o 3 g = o 3 g = o
8 = S & S ] I IS P 9 S & IS PN S S o S o S
5 2 ~ S ~ 5 2 ~ X g 5 2 ~ ® < 5 2 o S N2
. : 2 g 8 %|s £ 2 g B =|s £ 2 g B |s £ 2 g 8 x
z 5 3] o o o z 5 ) o] O 3] z i 3 9] @) 3] z i 3] 9] ) )
WIG 800 320 091 267 223 032 ] 900 360 142 434 371 053 | 11.00 440 143 278 247 136 | 500 200 057 210 175 0.08
- BUX 600 240 107 223 1.82 012 | 11.00 440 272 547 463 141 | 600 240 190 332 281 013 | 300 120 034 271 226 004
= RTS 400 160 090 344 291 006 | 900 360 366 896 779 059 | 900 360 198 440 38 054 | 500 200 083 367 316 0.09
=5 ) EC 600 240 096 278 232 0.7 | 967 387 260 625 538 084 | 867 347 177 350 304 068 | 433 173 058 283 239  0.07
é =& DJII 1100 440 070 216 184 135 | 1000 400 166 564 487 087 | 800 320 153 341 296 033 | 200 080 007 234 201 003
E g LSE 900 360 069 233 201 051 | 1000 400 276 552 479 088 | 300 120 402 311 266 005 | 200 080 048 254 211 003
z = NKX 1000 400 140 492 423 086 | 600 240 148 285 243 013 | 300 120 033 190 164 003 | 1700 680 061 167 143 2261
DC  10.00 400 093 3.14 269 091 | 867 347 197 467 403 063 | 467 187 196 281 242 0.4 | 700 28 039 218 185 756
AC 800 320 094 296 251 054 | 917 367 228 546 470 074 | 667 267 187 315 273 041 | 567 227 048 250 212 381
WIG 500 200 129 28 235 008 | 800 320 150 443 379 034 | 1000 400 142 292 260 084 | 400 160 057 223 1.8 005
) BUX 600 240 086 243 202 0.2 | 11.00 440 244 572 490 141 | 600 240 161 359 309 013 | 200 080 023 294 248 0.4
9 % RTS 200 080 156 365 311 004 | 700 280 359 980 859 027 | 600 240 254 476 416 0.15 | 3.00 120 095 397 344 005
= g g EC 433 173 124 297 249 008 | 867 347 251 665 576 067 | 733 293 18 376 328 037 | 300 120 058 305 260 005
Ly ; DJI 1000 400 072 221 189 083 | 700 280 212 58 500 023 | 600 240 192 351 303 013 | 1.00 040 002 246 212 003
§ S LSE 900 360 063 238 207 051 | 1000 400 264 563 490 088 | 300 120 400 312 268 005 | 200 080 048 254 211 003
z< NKX 600 240 179 529 452 015 | 600 240 138 294 252 0.3 | 300 120 026 198 171 003 | 13.00 520 064 178 153 351
o DC 833 333 105 329 283 050 | 7.67 3.07 205 480 414 041 | 400 160 206 287 247 007 | 533 213 038 226 192 119
AC 633 253 114 313 266 029 | 817 327 228 572 495 054 | 567 227 196 331 288 022 | 417 167 048 266 226  0.62
WIG 500 200 123 288 241 008 | 800 320 158 436 372 034 | 1100 440 140 282 251 136 | 400 160 055 225 189 005
A BUX 500 200 085 258 217 008 | 11.00 440 258 559 476 141 | 600 240 158 362 312 0.3 | 200 080 022 295 249 0.04
e 2 RTS 100 040 293 380 324 004 | 900 360 334 926 811 059 | 500 200 298 481 419 010 | 400 160 081 387 335 007
- ; 8 EC 367 147 167 309 261 007 | 933 373 250 640 553 078 | 733 293 199 375 327 053 | 333 133 053 302 258 005
g g ; DJII  11.00 440 073 214 18 135 | 1000 400 161 568 492 087 | 600 240 192 351 303 013 | 300 120 008 230 198  0.04
<0 LSE  9.00 360 063 239 207 051 | 1000 400 273 555 481 088 | 300 120 407 306 261 005 | 200 080 048 254 212  0.03
o NKX 600 240 183 525 448 015 | 600 240 143 289 247 0.3 | 300 120 033 191 164 003 | 1200 480 066 182 156 218
o DC 867 347 106 326 279 067 | 867 347 193 470 407 063 | 400 160 211 283 243 007 | 567 227 040 222 188 075
AC 617 247 137 317 270 037 | 900 360 221 555 480 070 | 567 227 205 329 285 030 | 450 1.80 047 262 223 040
WIG 800 320 090 268 224 032 | 900 360 148 428 366 053 | 1200 480 140 271 240 220 | 400 160 067 213 178 005
BUX 600 240 093 236 195 0.2 | 11.00 440 289 531 446 141 | 600 240 184 337 28 0.13 | 3.00 120 031 275 229 004
S & RTS 200 080 169 353 298 004 | 900 360 431 836 717 059 | 800 320 221 442 385 034 | 500 200 095 356 3.05 0.09
=5g : EC 533 213 118 286 239 0.6 | 967 38 289 598 510 084 | 867 347 182 350 304 089 | 400 160 064 281 237 006
g a5 g DII 1100 440 079 208 176 135 | 1000 400 1.82 549 472 087 | 800 320 151 343 298 033 | 300 120 017 221 189 004
gm € LSE 900 360 070 232 201 051 | 1100 440 257 546 475 141 | 300 120 406 306 262 005 | 200 080 047 255 212 003
= NKX 11.00 440 135 485 417 138 | 600 240 151 282 240 0.3 | 400 160 030 1.8 159 005 | 17.00 680 059 168 145 2261
DC 1033 413 094 308 264 108 | 900 360 196 459 396 080 | 500 200 195 278 240 0.4 | 733 293 041 215 182 756
AC 783 313 106 297 252 062 | 933 373 243 529 453 082 | 683 273 189 314 272 052 | 567 227 053 248 210 381
Note:

The table above presents the results of ensembling using average of up to 5 models. Only two the best and two the worst models are presented. The total number of models created was 26.

! Abad & Benito’s cost function

2 Caporin’s cost function
3 Chlebus’ cost function
4 Amendola & Candila’ cost function
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Table 5: Ratio of the ensembled and component models for exemplary Value-at-Risk models combined by minimum ensembling method in each

considered time frame

PERIOD I PERIOD II PERIOD I1I PERIOD IV
g g g g
=1 i=} =1 =
< < < <
= = =l =
3 3 o 3
Q Q [} Q
5 3 13 S oz 3 Sz 3 G- 3
S < o) 53 = s < T i < s < ¢ 5 = S 209 i =
4 @) @) o @) Z o @) O @} Z @} @) o @} Z @} o O @}
EC 1100 - 063 060 139 | — - 048 045 073 | 600 - 054 052 106 - - 081 079 092
inimam CAVIARGARCH DC 1200 - 054 051 093 - 043 039 063 - ~ 039 036 045 | 900 - 075 073 232
1n1mu:
CAVIAR GARCH AC 1150 - 058 055 113 | — - 046 042 069 | 8.00 ~ 047 044 075 | 1300 - 078 076 154
GARCHT STAND EC  7.00 ~ 071 069 089 | - - 049 046 0.66 | 4.00 - 061 058 073 - - 088 086 09I
GARCH-TSTAND DC 1100 - 059 056 100 | - - 044 041 063 - ~ 041 039 051 | 600 - 079 077 163
AC 9.0 ~ 064 062 095 | - - 047 044 065 | 7.00 ~ 051 048 062 | 700 - 084 08 123
EC 180 234 075 072 103 | 15 - 053 050 093 | 3.67 - 061 058 08 | 400 - 088 087 098
. FHS SNORM DC  6.00 ~ 060 057 126 | - - 046 043  0.69 - - 041 038 053 | 180 - 082 080 170
F}[II;HSIEIISEM AC 3.0 ~ 066 063 116 |26 - 050 047 082 | 6.00 - 050 047 070 | 217 - 085 084 137
EVT90 EC 200 246 073 070 117 | 18 - 051 048 117 | 4.00 - 060 058 095 | 600 - 087 086 105
EVT90 DC 550 ~ 061 058 105 | - - 047 043 0.8 - ~ 041 038 055 | 180 - 083 081 247
AC 3.0 ~ 066 063 111 | 28 — 049 046 095 | 6.67 ~ 050 047 074 | 250 - 085 084 182
EC 180 341 072 069 100 | 15 - 052 049 092 | 275 18 062 060 090 | 400 - 091 090 1.00
. FHS SNORM DC 1200 - 059 056 127 | — - 047 044 070 | 7.00 ~ 041 038 053 | 450 - 081 079 241
F}’I‘g“‘SII{I"E‘;EM AC 350 ~ 065 061 114 |26 - 050 047 082 | 3.60 - 051 048 070 | 433 - 086 085 165
GARCH.ST EC 180 298 076 073 103 | 16 - 052 049 108 | 325 18 061 059 106 | 500 - 088 086 101
GARCH-ST DC 1100 - 061 058 107 | — - 046 043 070 | 9.00 ~ 040 037 057 | 450 - 080 078 240
AC 333 ~ 068 065 105 |27 - 049 046 091 | 440 ~ 050 047 080 | 467 - 084 083 165
EC 1000 - 065 062 116 | 18 - 046 043 105 | 6.00 ~ 056 053 089 - - 078 077 097
. EVT90 DC 1100 - 056 052 098 | — - 046 042 066 - ~ 041 038 056 | 900 - 077 075 347
mér\‘}?;g“ AC 1050 - 060 057 106 | 28 - 046 042 088 | 1000 - 048 045 072 | 1500 - 078 076 2.06
GARCH.T STAND EC  7.00 - 073 071 091 | 11 - 051 049 070 | 4.00 - 062 060 075 - ~ 088 086 091
GARCH-TSTAND DC 1100 - 061 058 103 | — — 048 045 069 - ~ 044 041 054 | 600 - 082 080 169
AC 9.0 ~ 066 064 098 | 21 - 050 047 069 | 7.00 - 053 050 065 | 700 - 08 08 125

! Abad & Benito’s cost function

2 Caporin’s cost function

3 Chlebus’ cost function

4 Amendola & Candila’ cost function
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Table 6: Ratio of the ensembled and component models for exemplary Value-at-Risk models combined by averaging ensembling method in each
considered time frame

PERIOD I PERIOD II PERIOD III PERIOD IV
3 3 3 e
S oom 2 e S oom e S oom S 5w P
o < m < S < m < S < m < S < m <
Z @) O O @) Z @) O O @) 4 @) o O @) V4 @} @] O @}
EC 0.61 1.72 1.27 1.31 0.47 0.38 0.95 1.33 1.35 0.15 0.46 0.76 1.28 1.31 0.13 0.31 - 1.33 1.37 0.62
mean CAVIAR GARCH DC 0.40 1.07 1.23 1.24 0.07 0.42 0.61 1.23 1.24 0.14 0.29 - 1.25 1.28 0.30 043 1.25 1.25 1.28 0.01
CAVIAR GARCH AC 048 140 125 127 014 | 040 080 129 131 014 | 040 - 127 130 016 | 038 - 129 133 002
FHS SNORM EC 0.50 1.57 1.31 1.36 0.34 0.52 0.53 1.24 1.26 0.16 0.42 0.90 1.28 1.31 0.10 0.31 0.26 1.30 1.34 0.61
FHS SNORM DC 0.40 1.09 1.20 1.21 0.09 0.42 0.63 1.21 1.22 0.14 0.50 0.82 1.23 1.26 0.33 043 0.80 1.22 1.25 0.01
AC 0.44 1.34 1.25 1.28 0.13 0.47 0.57 1.23 1.24 0.15 0.45 0.86 1.26 1.29 0.14 0.38 0.48 1.27 1.30 0.02
EC 0.85 1.33 1.19 1.22 0.95 0.42 0.99 1.25 1.27 0.19 0.55 0.72 1.19 1.21 0.24 0.44 - 1.23 1.26 0.90
mean CAVIAR GARCH DC 0.48 0.95 1.17 1.18 0.14 0.48 0.59 1.20 1.21 0.21 0.33 - 1.23 1.25 0.57 0.56 1.27 1.21 1.23 0.07
CAVIAR GARCH AC 061 116 118 120 025 | 045 081 123 124 020 | 047 - 121 123 029 | 052 - 122 125 0.10
GARCH-T STAND EC 0.54 1.15 1.34 1.40 0.61 0.42 0.56 1.27 1.29 0.17 0.36 0.82 1.33 1.36 0.17 0.11 - 1.34 1.38 0.88
GARCH-T STAND DC 0.44 0.73 1.28 1.30 0.15 043 0.55 1.24 1.26 0.21 0.50 0.76 1.29 1.33 0.64 0.38 - 1.26 1.29 0.05
AC 0.47 0.95 1.31 1.35 0.21 0.43 0.55 1.26 1.28 0.18 0.41 0.79 1.31 1.35 0.24 0.28 - 1.30 1.35 0.08
EC 0.82 0.79 1.24 1.28 0.86 0.57 0.58 1.20 1.21 0.21 0.59 0.78 1.18 1.19 0.15 0.50 043 1.18 1.20 0.81
mean GARCH-ST DC 0.42 0.89 1.20 1.22 0.10 0.42 0.70 1.19 1.19 0.13 0.75 0.73 1.19 1.22 0.68 0.53 0.66 1.19 1.22 0.11
GARCH-ST AC 0.54 0.83 1.22 1.25 0.17 0.50 0.63 1.19 1.20 0.17 0.65 0.75 1.18 1.20 0.22 0.52 0.53 1.19 1.21 0.16
GARCH-T STAND EC 064 085 129 134 074 | 039 056 132 135 015 | 036 076 133 137 012 | 010 - 135 140 080
GARCH-T STAND DC 0.42 0.72 1.29 1.32 0.11 0.38 0.58 1.27 1.29 0.14 0.50 0.75 1.31 1.35 0.65 0.35 - 1.28 1.32 0.08
AC 0.49 0.80 1.29 1.33 0.17 0.39 0.57 1.30 1.32 0.14 0.41 0.75 1.32 1.36 0.18 0.26 - 1.32 1.36 0.13
EC 0.56 1.28 1.27 1.32 0.36 0.52 0.47 1.29 1.32 0.16 0.42 0.87 1.28 1.31 0.08 0.33 0.24 1.31 1.35 0.69
FHS SNORM DC 0.39 1.08 1.23 1.23 0.08 0.41 0.63 1.23 1.24 0.11 0.47 0.82 1.24 1.27 0.32 0.41 0.76 1.24 1.27 0.01
AC 0.45 1.19 1.25 1.27 0.11 0.46 0.54 1.27 1.29 0.14 0.44 0.85 1.26 1.29 0.11 0.38 0.44 1.28 1.32 0.02
FHSH;\??)RM EC 0.62 1.35 1.24 1.28 0.40 0.62 0.46 1.25 1.28 0.21 0.46 0.85 1.27 1.30 0.08 0.50 0.21 1.30 1.35 0.74
EVT90 EVT90 DC 0.35 1.10 1.25 1.26 0.06 0.37 0.72 1.24 1.25 0.10 0.53 0.69 1.24 1.28 0.34 0.41 - 1.25 1.28 0.02
GARCH-ST AC 0.45 1.23 1.24 1.27 0.11 0.50 0.57 1.24 1.26 0.16 0.49 0.77 1.26 1.29 0.12 0.44 - 1.28 1.32 0.02
EC 0.56 1.12 1.34 1.40 0.37 0.55 0.50 1.28 1.31 0.19 0.50 0.85 1.26 1.29 0.09 0.42 0.35 1.27 1.31 0.69
GARCH-ST DC 0.35 1.00 1.27 1.29 0.06 0.41 0.69 1.22 1.23 0.10 0.60 0.79 1.21 1.24 0.35 0.41 0.66 1.23 1.26 0.01
AC 043 1.07 1.31 1.34 0.10 0.48 0.57 1.25 1.27 0.15 0.54 0.82 1.24 1.26 0.13 0.41 0.47 1.25 1.29 0.02

! Abad & Benito’s cost function

2 Caporin’s cost function

3 Chlebus’ cost function

4 Amendola & Candila’ cost function
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6. Conclusion

Given all the results, we have identified the five best models that provide Value-at-Risk forecasts with
good quality. These models are: CAViaR with Indirect GARCH approach, the GARCH model with both
standardized student’s t and skewed student’s t distributions, FHS with skewed normal distribution and
EVT with 90% quantile. All these models provided sufficiently good forecasts for both 1% and 2.5%
confidence levels that only in very rare conditions obtained as much as yellow light of Basel Traffic Light
test.

Moreover, these models might be divided into conservative and liberal groups. We would like
to propose the GARCH model with standardized student’s t distribution as the most conservative one.
Another model that can be put in the same category as the former is the GARCH model with skewed
student’s t distribution, which was just a little bit less accurate in its predictions, but its costs were much
lower. Remaining models are in our sense liberal ones due to their relatively very low costs. It should be
noted that these models are not in any sense bad quality, but almost always had worse results in terms of
excess ratios, which might be an incentive for the financial instructions to use the more accurate ones. The
best models that we have selected in this study cover both the parametric and semi-/non-parametric groups
of models. Parametric models include GARCH models with skewed student’s t and standardized student’s
t distributions, which due to their conservatism are able to obtain the lowest excess ratios. Non- and
semi-parametric models include FHS with skewed normal distribution, the EVT model with a threshold
set to 90-th quantile and CAViaR model with GARCH-like specification, which are more liberal than the
former group, but the lack of quick reaction to high and spontaneous increases in the volatility.

In this study, we also researched the quality of forecast combinations, and we have found out that
the ensembling method that uses a minimum of n model’s forecasts can provide forecasts that are nearly
perfect (0 — 1 exceedances) with a relatively small increase in the cost functions values related to its
component models. The model built using that technique is not extremely expensive, which combining
with the previous conclusion might be interesting for financial institutions looking for more conservative
ways to forecast market risk. The best combination of the models that achieved circa 1/3 exceedance on
average was a combination of the GARCH(1,1) model with standardized student’s t distribution and either
FHS with skewed normal distribution or the GARCH-like specified CAViaR model.

Furthermore, we did not find any models that would over- or underestimate Value-at-Risk depending
on the underlying time series country of origin, but we confirmed that level of volatility does have an
impact on this.
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