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Abstract 
In recent decades numerous studies verified empirical validity of the CAPM model. Many of them 
showed that CAPM alone is not able to explain cross-sectional variation of stock returns. 
Researchers revealed various risk factors which explained outperformance of given groups of stocks 
or proposed modifcations to existing multi-factor models. 
Surprisingly, we hardly find any discussion in financial literature about potential drawbacks of 
applying standard OLS method to estimate parameters of such models. Yet, the question of 
robustness of OLS results to invalid assumptions shouldn't be ignored. This article aims to address 
diagnostic and econometric issues which can influence results of a time-series multifactor model. 
Based on the preliminary results of a five-factor model for 81 emerging and developed equity 
indices (Sakowski, Slepaczuk and Wywial, 2016a) obtained with OLS we check the robustness of 
these results to popular violations of OLS assumptions. We find autocorrelation of error term, 
heteroscedasticity and ARCH effects for most of 81 regressions and apply an AR-GARCH model 
using MLE to remove them. We also identify outliers and diagnose collinearity problems. 
Additionally, we apply GMM to avoid strong assumption of IID error term. 
Finally, we present comparison of parameters estimates and Rsquared values obtained by three 
different methods of estimation: OLS, MLE and GMM. We find that results do not differ 
substantially between these three methods and allow to draw the same conclusions from the 
investigated five-factor model. 
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1 Introduction

Studies which focus on Capital Asset Pricing Model (CAPM) and try to explain equity
risk premium for single stocks are quite numerous in financial literature. They start from
seminal papers of Sharpe (1964), Lintner (1965) and Black, Jensen, and Scholes (1972).
Consequently, next studies developed multi-factor models by introducing new risk factors,
changing functional form of the model or adding new variables that define states of the
market. Examples of such models, among others, are three-factor model of Fama and
French (1992), four-factor model of Carhart (1997) or various multi-factor models of Rahim
and Noor (2006), Chen, Novy-Marx, and Zhang (2011), Fama and French (2012), Fama and
French (2015), Frazzini and Pedersen (2014).

Parameters in these models are typically estimated using standard OLS methods. This
enforces the researcher to apply a set of strong assumptions which rarely are true. Many
studies show that residuals from time-series models applied to excess returns are typically
autocorrelated and heteroskedastic. For weekly and daily observations they are fat-tailed
and often characterised by numerous outliers. Adding new factors to the model increases
probability of negative multicollinearity effects. As the result, OLS estimators become
typically inneficient which affects probability of type I and II errors and makes statistical
inference incorrect.

Yet, suprisingly, the question of consequences of applying standard OLS method in
multi-factor models for excess returns is rarely discussed in the financial literature.

The main objective of this study is to verify robustness of the OLS results presented
in Sakowski, Slepaczuk, and Wywial (2016a) with alternative MLE and GMM techniques
which allow to avoid or ignore strong assumptions behind OLS method.

The structure of the paper is as follows. Section 2 describes the five-factor model and
empirical data applied in the study. Section 3 presents methodological issues and reviews
effects that show up when typical OLS assumptions are not valid. Section 4 presents model
diagnostics and necessary steps to remove problems with problematic assumptions. In
section 5 we compare results obtained with OLS, MLE and GMM methods. The last
section concludes.

2 The model and empirical data

2.1 The model

Our analysis is based on five-factor time-series model, which is a modification of the four-
factor model by Carhart (1997). Parameters are estimated using OLS method. The func-
tional form of our model is described by:

(Ri −Rf)i,t = α+ (1)

βMKT,i(Rm−Rf)t + βHML,iHMLt + βSMB,iSMBt + βWML,iWMLt +

βVMC,iVMCt +

εi,t

where:
(Ri −Rf)t is weekly return of equity index in excess to weekly risk free rate,
(Rm−Rf)t is equally weighted equity index less than risk free rate,
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HMLt is the weekly premium on the book-to-market factor (high minus low),
SMBt is the weekly premium on the size factor (small minus big),
WMLt is the weekly premium on winners-minus-losers factor (winners minus loosers),
VMCtis the weekly premium on volatile minus calm (VMC) equity indices (volatile

minus calm)
The first four factors are created following Carhart (1997) approach.
The (Rm−Rf) factor represents weekly excess return of the market portfolio over the

risk-free rate. The market portfolio consists of equally weighted all 81 equity indices.
The HML is a zero-investment portfolio that is long on the highest decile group of book-

to-market (B/M) equity indices and short on the lowest decile group. The difference of
returns of these extreme decile groups is calculated in each weekly interval, which finally
constitutes HML factor.

The SMB is a zero-investment portfolio that is long on the highest decile group of small
capitalization equity indices and short on the lowest decile group. The difference of returns
of these extreme decile groups is calculated in weekly interval as well.

The WML is a zero-investment portfolio that is long on the highest decile group of
previous 1-year return winner equity indices and short on its lowest decile group (loser
equity indices). The difference of returns of these extreme decile groups is calculated again
for each weekly interval.

Finally, the VMC factor, is the weekly premium on volatile minus calm equity indices
and is obtained by subtracting the equal weighted average return of the lowest volatility
equity indices from the equal weighted average return of the highest volatility equity indices
(again, a zero-investment portfolio). The difference of returns of these extreme decile groups
is calculated for each weekly interval. The definition of high or low volatility is based on 63
days realized volatility calculated separately for each equity index.

The discussion about possible extensions of this model, as well as analysis of dynamics
of risk factors is presented in Sakowski, Slepaczuk, and Wywial (2016a).

2.2 Empirical data

Insted of using single stocks (eg. Fama and French (1992), Fama and French (1993), Fama
and French (2012), Frazzini and Pedersen (2014), among others) we deploy our model to a
wide broad set of equity indices covering the period 2000-2015. The analysis was performed
on weekly data for 81 most representative and investable equity indices, from all continents1.
We include data for 27 developed and 54 emerging markets indices. The detailed list of all
equity indices and their descriptive statistics can be obtained upon request.

The reason behind selection of weekly instead of monthly data was the intention to
evaluate theoretical value of excess returns for the given equity index more frequently.
Returns and risk factors were calculated after converting local prices to USD.

3 Methodological issues. What can go wrong?

In our study, we estimate the five-factor model separately for 81 indices. Dealing with such
a number of regressions encounters a question of practical nature:

1For practical purposes we used only these indices which can be easilly invested through options, futures
or ETFs.
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1. Should we estimate all models with the same functional form and compare their re-
sults across all markets ignoring any diagnostic issues, as it is presented in financial
literature for years?

2. Or rather should we perform all diagnostics for each model separately and puzzle out
possible problems, which will most probably result in different model functional forms
across investigated markets and hence make it difficult to compare results for them?

Taking into account that we do intend to compare parameter estimates and Rsquared coef-
ficients across equity indices, the first approach seems to be more adequate and would allow
us to analyze explaining power of models estimated for different markets. On the other
hand, the process of polishing every regression to detect and resolve diagnostic problems is
definitely a challening, time-consuming and daunting task. This problem seems to be even
more important in the process of performing rolling regressions, for example for investment
strategy purposes. We address this issues in Sakowski, Slepaczuk, and Wywial (2016d).
Hence, we are interested in finding an answer to the question of how risky is performing
OLS estimations in time-series multi-factor model in equity risk premium studies and how
robust are results form such regression if OLS assumptions are clearly violated.

In the process of estimation of multi-factor models using time-series data, we can po-
tentially suffer from various econometric problems. The OLS assumes that error term is
identically and independently distributed (IID). Regression results can be also affected if we
observe strong collinearity among independent variables. For inference purposes we addi-
tionally have to asume that the error term is normally distributed. Also, estimates and
theoretical values will be changed if sample contains outlying and influetnial obsevations.

The consequences of non-fulfilling these assumptions are widely known.

Autocorrelation and heteroskedasticity Autocorrelation or heteroskedacity is very
likely to be present in time-series multi-factor models, because of nature of stocks returns.
If that is the case, the Gauss Markov theorem is not valid and OLS doesn’t provide Best
Linear Unbiased Estimators (BLUE). Although this doesn’t introduce bias, the standard
errors tend to be underestimated and hence the t-statistics overestimated.

One way to solve the problem of autocorrelation and heterosedasticity is to deploy the
AR-GARCH model which is estimated using Maximum Likelihood Estimation. The autore-
gressive part of the conditional mean equation will take into account autocorrelation, while
time-varying variance can be addressed via conditional variance equation. An alternative
solution to avoid assumptions about IID error term is to apply Generalized Methods of Mo-
ments (GMM) proposed by Hansen (1982). GMM allows error term to be heteroskedastic
and serially correlated and it does not require information about the exact distribution of
the disturbances.

We will apply this two approaches in Section4 and 5 and compare their results with
those obtained using OLS method.

Multicollinearity Even in case of extreme (but still not perfect) multicollinearity OLS
estimates are still unbiased, BLUE and consistent. Nevertheless, greater multicollinearity
implies greater standard errors. When high multicollinearity is present, confidence intervals
for coefficients tend to be wide and t-statistics tend to be very small. As a result, the
null hypothesis will be harder to get rejected (higher probability of type II error), as the
coefficients will have to be larger in order to be statistically significant.
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Moreover, when two regressors are highly and positively correlated, their slope coefficient
estimators tends to be highly and negatively correlated. As a result, if we overestimate the
effect of one parameter, most likely we also underestimate the effect of the other. Because of
increased variance, coefficient estimates tend to be very unstable accross different samples
and they are very sensitive to even small changes in the model. All that means that
statistical power of the analysis is harmed and the process of specifying the correct model
is difficult.

Hence, appropriate and careful identifying possible problems with multicollinearity is an
imporant part of multi-factor model diagnostics. We address this question in Section 4.2.

Influential observations Regression results can be also affected by presence of outliers
and influential observations. The decision whether such cases should be excluded from
the sample or not is not obvious and depends on particular problem and particular data.
Anyway, identifying such observations is important to take the right choice and determine
the degree of influence. We focus on that issue in Section 4.3.

Nonnormality Distributions of equity returns are almost always characterised by fat
tails. In multi-factor models, this will very likely result in leptokurtic distributions of
residuals. Although normality is not necessary in OLS to mantain BLUE estimators, it still
affects distributions of t-statistics and makes statistical inference very difficult. We assess
nonnormality of residuals in our models in Section 4.4.

Non-linear model functional form Another problem with estimating multi-factor
models may arise when the data resembles clearly nonlinear patterns or relationships. Ap-
plying linear functional form of the model to the nonlinear data results in autocorrelation
of residuals and may produce spurious results. We carefully address this question in Section
4.5

4 Model diagnostics

To diagnose possible problems with our model we estimate its parameters using standard
OLS approach and then investigate properties of residuals. We concentrate on detecting
autocorrelation, heteroscedasticity and ARCH effects, possible collinearity among risk fac-
tors, indentifyng influential observations, testing normality of residuals and finally verifying
validity of linear relationship among indices excess returns and risk factors.

4.1 Autocorrelation of residuals, heteroscedasticity and ARCH effects

First, we apply Ljung-Box test to identify autocorrelation of standardized residuals and
squared standardized residuals obtained using OLS. We report results in Table 1. We
calculate LB statistics up to 1st, 5th and 9th autocorrelation coefficient. We can observe
that autocorrelation (up to 9th lag) exists in almost 50% of models.

4



Table 1: Ljung-Box test for autocorrelation of excess returns and squared excess returns.

Table presents Ljung-Box statistics for autocorrelation of standardized returns and squared standardized returns up to 1st,
5th and 9th lag. Null hypothesis denotes no autocorrelation. Weekly data for 81 emerging and developed indices. P-values
lower than 0.05 were denoted with bold font.

Additionally, we observe strong autocorellation among squared standardized residuals.
This indicates that we have strong ARCH effects (heteroscedasticity of residuals, volatility
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clustering effects) in residuals for all 81 regressions.
In order to remove autocorrelation and address the problem of heteroscedasticity we

estimated five-factor AR(5)-GARCH(1,1) model. Orders of this model have been chosen
arbitrarily. This model is estimated using Maximum Likelihood method. Ljung-Box test for
autocorrelation of standardized residuals and squared standardized residuals are reported in
Table 2. P-values from this table shows that autocorrelation and heteroscedasticty problem
was addressed in almost all cases.

However, we have to note that in such approach applying only one particular order
(5 lags) of the autoregressive model we end up either having to many lags for regressions
where autocorellation problem doesn’t exist (e.g. the AEX index from Table 1) or having
not enough lags for regressions where we observe autocorellation up to level higher than
5 (e.g. the VILSE index from Table 2. The problem here is that to do this correctly,
i.e. to add the correct number of lags to each regression in order to exclude the problem of
autocorrelation, we would have to investigate autocorrelation functions for residuals for each
of these regressions individually. This would even more challenging in case of estimating
rolling regressions for investment pruposes, when aprropriate number of lags should be
determined for every week for separate 81 regressions.

As discussed in Section 3, an alternative way to avoid unrealistic asumptions that error
term is IID, is to apply Generalized Method of Moments (GMM). We follow this approach
and compare GMM estimates in Section 5.

4.2 Collinearity

To identify possible collinearity we utilize two methods. First, we look at the scatter plots
of five factors (Figure 1). Among ten pairs there, only in case of VMC vs RmRf we observe
a moderate correlation of 68%.

The second apporach is to utilize the popular VIF (variance inflation factor) measure.
In Table 3 we present VIF values for reparate regressions. The rule of thumb says that
multicollinearity is present if VIF is larger than 10. In our case for all regressions values are
smaller than 5 which doesn’t imply problems.

We also checked how exlusion of collinear variables affects estimates of parameters and
their standard errors. It has occured that the difference between two estimates were negli-
gible.

4.3 Influential observations

The next part is focused on identifing influential observations. The first step involves anal-
ysis of scatter plots of excess returns of a given index (the dependent variable) versus all
five factors. We present them in Online Appendix2. A visual inspection of these scatter
plots shows that there are only a few observations which might be considered as influential.

In the second step we utilize several popular measures which help identify inluential
observations. We examine leverage, studentized residuals, Cook’s distance and DFBeta
measures. Table 4 reports percentage of observations (for leverage and studentized residuals)
or number of observations (for Cook’s D and DFBetas) which exceed the assumed threshold.

Leverage measure points to those observations where we observe extreme or outlying
values of the independent variabes (i.e. risk-factors). Following Hoaglin and Welsch (1978)
we recognize the observation as high-leverage if hii > 2p/n, where p is the number of

2The Online Appendix is available on: http://coin.wne.uw.edu.pl/qfrg/third-2016-appendix
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Table 2: Ljung-Box test for autocorrelation of standardized residuals and squared stadard-
ized residuals for five-factor AR(5)-GARCH(1,1) model

Table presents Ljung-Box statistics for autocorrelation of standardized residuals and squared standardized residuals from
five-factor AR(5)-GARCH(1,1) model up to 1st, 5th and 9th lag. Null hypothesis denotes no autocorrelation. P-values
lower than 0.05 were denoted with bold font.
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Table 3: VIF values for single regressions.

VIF coefficients for five risk factors calculated in USD in the period of 2000-2015. Group “all others” consists of: AEX,
MERVAL, AS51, ATX, BEL20, IBOV, SPTSX, IPSA, CTXEUR, KFX, EGX30, TALSE, SX5E, EX25, CAC, DAX, FTASE,
HSI, BUX, ICEXI, NIFTY, LQ45, TA.25, FTSEMIB, NKY, RIGSE, VILSE, LUXXX, FBMKLCI, MALTEX, SEMDEX,
MEXBOL, MSETOP, MCSINDEX, OBX, MSM30, KSE100, PCOMP, WIG20, PSI20, DSM, BET, RTSI, SASEIDX, MXSG,
SKSM, TOP40, KOSPI2, IBEX, CSEALL, OMX, SMI, TAMSCI, SET50, XU030, UKX, PFTS and SPX.
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Table 4: Influence ratios

Residuals are from five-factor model. Indices excess returns and risk factor returns are calculated in USD in the period of
2000-2015 on weekly data. For Leverage and studentized residuals we report percentage of observations which exceed the
threshold. For Cook’s D and DFBetas the number observations which are higher than selected threshold are reported.
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Figure 1: Scatter plots for five factors used for all 81 regressions.

This scatter plots present valus (returns) of five factors in the period from 2000 to 2015. Factors were build on top and
bottom decile groups of appropriate criterions. WML returns are based on last 12 months. 794 observations used.

parameters to estimate, n is the number of observations and hiiis the diagonal element of
the hat matrix, H = X(X ′X)−1X ′. We observe that 3%-4% of observations can be regarded
as leverage points, and hence potentially influential.

The threshold for studentized residuals is set to 0.5% and 99.5% quantile, so that we
expect about 1% of observations to exceed it. Indeed, we observe that the percentage ranges
from 1% to 2% which could be addressed to moderate leptokurtosis of the residuals.

The Cook’s Distance measure helps identify observation, which, if excluded from regres-
sion, influence OLS estimates. We assume the threshold to be 1, after Cook and Weisberg
(1982). In Table 4 we report number of observations that exceede this threshold. For vast
majority of regressions there are no such observations, only for 3 cases we have only 1 up
to 3 influential observations.

Finally, the DFBeta measure, proposed by Belsley, Kuh, and Welsch (1980), indicates
what influence an observation has on the particular regression coefficient. We took the sug-
gested cut-off at 2/

√
n, where n is the number of observations. Again, for most regressions

there are no observations which could be regarded as influential. Only for several of them
we observe up to 4 observations which, if excluded, would noticeably alter OLS estimates.

Having identified only a few observations which might be influential, we decided anyway
not to remove them. The reason for such attitude is very practical. In reality we are not
able to exclude returns which are just slightly higher in absolute values that these from the
normal distributions because they are an immanent characteristic of financial markets.
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Table 5: Jarque-Berra p-values, skewness and kurtosis for residuals from five-factor model.

Jarque-Berra test p-values, skewness and kurtosis were calculated on weekly data.

4.4 Normality of OLS residuals

Normality of OLS residuals is verified by Jarque-Berra test. We report the results together
with skewness and excess kurtoris coefficients on Figure 5. The null about normality of
residuals is rejected in all cases but at the same time the comparison of skewness and excess
kurtosis shows that deviation from normality is not excessive.

This conclusion is more credible when we investigate histograms and QQ-plots for in-
dividual residuals series. Figure 2 presents them for residuals for AEX index regression.
Histograms and QQ-plots for residuals from models for other indices are presented in Online
Appendix available at: http://coin.wne.uw.edu.pl/qfrg/third-2016-appendix. They resemble
strikingly very similar pattern for other indices. They show that residuals have almost
symmetric and follow a slightly leptokurtic distribution.

Figure 3 presents dispersion of skewness and excess kurtosis coefficients of residuals
obtained in 81 regression, separately for developed and emerging market indices. We can
observe that skewness coefficients are in most cases pretty close to zero, while excess kurtosis
in most cases is below value of 6, being somewhat more dispersed for emerging market
indices.

Generally, we conclude that we observe a moderate non-normality in tested residuals,
which is typical for regressions on weekly excess returns. Residuals don’t seem to be asym-
metric and distributions are moderately fat-tailed. In such conditions, the OLS estimate is
still the best linear unbiased estimator (BLUE) of the regression coefficients.
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Figure 2: Histogram and QQ-plot for residuals for AEX index.

Residuals are from five-factor model estimated by OLS. Indices excess returns and risk factor returns are calculated in USD
in the period of 2000-2015. Histograms and QQ-plots of residuals from regressions for other equity indices excess returns
are presented in the Online Appendix available at: http://coin.wne.uw.edu.pl/qfrg/third-2016-appendix

Figure 3: dispersion of skewness and excess kurtosis coefficients separately for developed
and emerging market indices.

Residuals are from five-factor model estimated by OLS. Indices excess returns and risk factor returns are calculated in USD
in the period of 2000-2015.
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Table 6: Ramsey Reset test

Residuals are from five-factor model. Indices excess returns and risk factor returns are calculated in USD in the period of
2000-2015. Null hypothesis for Ramsey Reset test state that linear functional form is correct. Table presents p-values for
this hypothesis, respectively for adding 2nd, 3rd and 4th powers of theoretical values.

4.5 Testing linear form of the model

Table 6 presents Ramsey RESET test for all regressions separately. We test the null hy-
potheis that linear functional form of regressions is correct. We include 2nd, 3rd or 4th
powers of theoretical values as additional regressors. Their statistical significance would
mean that they provide additional information to the model and hence its linear form is
inappropriate.

Looking at p-values presented in Table 6 we can state that only in several cases linear
functional form is not correct. Moreover, this happens only in case of emerging markets
indices. Nevertheless, we do not consider this fact as a reason to change the linear functional
form of the model. This rather suggests to include in the model additional explanatory
variables which could better explain variability of excess returns for examined indices. The
reason for such explanation can be to some extent illustrated by relatively low explanatory
power of regressions for emerging markets.

To confirm these conclusions, we present in Online Appendix3 scatter plots for the
dependent variable (RiRf) versus five risk factors separately for all 81 regressions. We can
see that for vast majority of models these relationships present a linear shape.

3The Online Appendix is available on: http://coin.wne.uw.edu.pl/qfrg/third-2016-appendix
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5 Results: OLS vs. MLE and GMM

In this section we we compare parameter estimates obtained using three techniques: Ordi-
nary Least Squares, Maximum Likelihood and Generalized Method of Moments.

5.1 OLS

OLS estimates of a five-factor model are presented on Figure 4. Conclusions concentrate
principially on differences between developed and emerging indices in terms of parameter
despersion and median values.

1. Developed countries have negative (but close to zero) alpha coefficients, which suggests
that there are no excess returns which were not explained the five-factor model. On
the other hand, alpha coefficients for emerging equity indices are more dispersed and
on average postitive although mainly insignificant.

2. Beta for (Rm−Rf ) factor is on average higher for developed countries and additionally
less diversified across countries when compared with to emerging markets.

3. Beta for HML factor is similar for developed and emerging markets, although we
observe more dispersion for emerging equity indices.

4. The median values of SMB beta are negative for developed countries and lower com-
pared to emerging markets. Their diversity is much higher for emerging markets as
well.

5. Beta estimates for WML factor are very similar for both groups of indices.

6. Dispersion of beta estimates for VMC factor is much higher among emerging markets.

7. Finally, Rsquared coefficients show that models for developed markets have substan-
tially higher explanatory power than those for emerging markets.

5.2 MLE

Figure 5 shows dispersion of parameters estimates and Rsquared values for AR(5)-GARCH(1,1)
five-factor model estimated with MLE.

The main observation is that, in general, parameters estimates are very similar to those
obtained using OLS, at least in terms of median and dispersion. We detect only two minor
differences. First, medians for alpha estimates are slightly higher, for both developed and
emerging indices. Second, median estimates of (Rm − Rf ) factor are lower, again for both
developed and emerging indices.

5.3 GMM

Figure 6 shows parameter estimates and Rsquared values for five-factor model estimated
with GMM.

Comparing this box-plots with those for OLS and MLE we cannot indicate any sub-
stantial differences. However, estimates of alpha and market risk factor (Rm−Rf ) seem to
be closer to MLE results from AR-GARCH model. This suggests that applying model or
estimation method which takes into account non-IID error term produces similar results.
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Figure 4: Dispersion of OLS estimates and Rsquared values in five-factor model for emerging
and developed indices separately.
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Figure 5: Dispersion of MLE estimates and Rsquared values in five-factor AR(5)-
GARCH(1,1) model for emerging and developed indices separately.
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Figure 6: Dispersion of GMM estimates and Rsquared values in five-factor model for emerg-
ing and developed indices separately.
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Rsquared values for developed equity indices while white box plots show the same for emerging markets.

6 Summary

In this paper we investigated preliminary results of OLS estimation of a five-factor model
for 81 emerging and developed equity indices presented in Sakowski, Slepaczuk, and Wywial
(2016a). We verified robustness of these results to popular violations of OLS assumptions.

We found autocorrelation of error term and heteroscedasticity/ARCH effects for most of
81 regressions. To remove these, we applied AR-GARCH model using Maximum Likelihood
Estimation.

We haven’t identified any problems with collinearity among risk factors. We also haven’t
found any strong influential observations. On the other hand, we observe moderate lep-
tokurtosis of OLS residuals and rejection of linear form of the model for some indices. To
avoid strong assumptions of IID error term, we applied Generalized Methods of Moments
to estimate model parameters.

In the last step we compare parameter estimates and models Rsquare coefficients ob-
tained in OLS, MLE and GMM. We find that results do not differ substantially between
these three methods of estimation and allow to draw the same conclusions from examined
five-factor model.
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